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Preface and Overview

“Networks are everywhere. The brain is a network of nerve cells connected by axons, and
cells themselves are networks of molecules connected by biochemical reactions. Societies,
too, are networks of people linked by friendships, familial relationships and professional
ties. On alarger scale, food webs and ecosystems can be represented as networks of species.
And networks pervade technology: the Internet, power grids and transportation systems are
but a few examples. Even the language we are using to convey these thoughts to you is a

network, made up of words connected by syntactic relationships.
“Yet despite the importance and pervasiveness of networks, scientists have had little
understanding of their structure and properties. How do the interactions of several mal-
functioning nodes in a complex genetic network result in cancer? How does diffusion occur
so rapidly in certain social and communications systems, leading to epidemics of diseases
and computer viruses? How do some networks continue to function even after the vast

majority of their nodes have failed?”

— Albert-Ldszl6 Barabdsi and Eric Bonabeau, Scientific American, May 2003

An automata network is a collection of automata connected together according to a directed
graph D. The vertices of D are considered as automata and the edges indicate the existence
of communication links. Thus D has no paralle] edges. Each automaton can change its
state at discrete time steps as a local transition function of the states and a global input,
and synchronous action of the local state transitions defines a global transition on the entire
network. We investigate automata networks as algebraic structures and develop their theory
in line with other algebraic theories, such as those of semigroups, groups, rings, and fields.

In this monograph we restrict ourselves almost exclusively to finite automata networks
(with notable exceptions in the study of asynchronous networks) for two reasons. This
introductory monograph is devoted to the most fundamental cases. These occur when the
network is finite: there are only finitely many component automata in the network (i.e.,
the interconnection digraph D is finite) and all component automata are also finite, having
only finitely many states. On the other hand, finiteness is a natural constraint arising for
real-world networks, including those in computational and technical applications.

Algebraic interpretations arise from consideration of the semigroup of transformations
induced on the set of states by all possible finite sequences of inputs, but they also enter the
subject in other ways when we study division relations of automata and the completeness
of networks.

We also investigate antomata networks as “products of automata,” i.e., as compositions
of automata obtained by cascading without feedback or with feedback of various restricted

ix
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types, or, most generally, with the feedback dependencies controlled by an arbitrary directed
graph. We survey and extend the fundamental results in regard to antomata networks, in-
cluding the main decomposition theorems of Letichevsky, of Krohn and Rhodes, and others.
These theorems also indicate what basic components are necessary and sufficient for the
synthesis of particular finite computational structures using particular types of networking,
including limitations on feedback and number of local connections in the (directed graph
of) communication links.

We deal with classes of finite automata that are complete in one or several of four
different senses. In particular, we consider completeness with respect to homomorphic
representation, isomorphic representation, homomorphic simulation, and isomorphic sim-
ulation. In all four types of completeness, it is understood that not necessarily is the class
itself complete but rather that its closure under a given type of product is complete.

In other words, we investigate complete classes of automata, i.e., classes of automata
whose closure under various notions of products allow the simulation of ordinary automata in
various senses. The questions arise naturally when one tries to understand how to decompose
or synthesize complicated automata as combinations of simpler ones. An issue of central
importance is to understand the behavior and computational power of automata networks
having given restricted types of communication links.

This monograph is an effort in this direction. We characterize the structure of the
communication links of those whose finite automata networks (as several product types of
automata) which have as simple a structure as possible, and representational power pre-
serves the representational power of the most general networks or of the (general) cascade
networks. Real-world examples of automata networks include computer networks, electri-
cal networks, transport networks, the Internet, and genetic regulatory networks. Many of
these can modify their internal structure in the course of their functioning. Our book covers
the foundations of what is currently known about automata networks, leading the reader to
the forefront of research in many areas. It also lays a foundation upon which a rigorous
theory of dynamic automata networks (that change their topology, member components, and
functioning) may one day be constructed. We also pay some attention to the case in which
network can cyclically modify its inner structure during its work as well as to asynchronous
automata networks.

Section 1.1 introduces standard notation that we use throughout. Basic algebraic con-
cepts of semigroup, monoid, and group, as well as some useful results concerning these,
are collected in Section 1.2. Section 1.3 introduces their actions on sets (transformation
semigroups and permutation groups), which are intimately related to automata, and the fun-
damental concepts of division (which allows us to compare computational power), direct
and wreath products, and their connections to the decomposition of transformation semi-
groups and permutation groups. These results are used repeatedly in the book, e.g., in the
study of feed-forward (or cascade) products of finite automata.

Directed graphs (digraphs) and their power to support arbitrary (penultimate) per-
mutational computations are studied and characterized in terms of simple structural graph-
theoretic properties in Section 2.1. Section 2.2 introduces automata, associated concepts,
and automata mappings. Relationships between automata and semigroup-theoretic simula-
tion and division are studied and described in Section 2.3. Section 2.4 introduces various
types of automata products used in the construction of automata networks over directed
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graphs and having restrictions on the number of connections and types of feedback that may
exist between component antomata. The Gluskov and Letichevsky criteria are introduced,
and important decomposition theorems characterizing isomorphic and homomorphic com-
pleteness, respectively, for classes of automata under the general, unrestricted product are
presented.

Chapter 3 introduces Krohn-Rhodes theory, which is concerned with the feedback-
free (cascade) decomposition and synthesis of finite automata by homomorphic simulation
using cascades of simple permutation groups and identity-reset automata. The fundamental
theorem is proved via a new proof of the deep holonomy decomposition theorem, which
yields relatively efficient cascade decompositions (Section 3.1). The remainder of the chap-
ter treats related results and characterizes homomorphically complete classes under the
quasi-direct products, cascade products, and «;-products of automata.

Chapter 4 studies classes and networks of automata that fail to satisfy the Letichevsky
criterion. The study of these classes is naturally divided into those classes that satisfy the
weaker semi-Letichevsky criterion and those that fail even this criteria. For both kinds of
class of automata without Letichevsky’s criterion, constructive proofs show how very re-
stricted types of networking can already realize as much computational power as unrestricted
types of networking. Examples and counterexamples reveal the sharpness of many of the
results.

Realizing computation with automata and classes of automata that satisfy Letichevsky’s
criterion is studied more deeply in Chapter 5. Results include profound strengthenings of the
Letichevsky decomposition theorem, such as the remarkable Esik-Horvith characterization
theorem showing that op-products already yield all finite automata that can be homomor-
phically represented by networks of finite automata from a given class /C of finite automata.
We give a proof of the Letichevsky decomposition theorem at the end of Chapter 5.

Chapter 6 further strengthens the Letichevsky decomposition by a (sharp) theorem
showing that primitive products—whose interconnection digraphs satisfy a strict graph-
theoretic outerplanarity condition severely limiting the local connectivity and guaranteeing
nice embeddability properties—already suffice to achieve the full computational power of
arbitrary networks constructed from automata classes satisfying Letichevsky’s criterion.
Temporal products of automata are also studied in this chapter (Section 6.4). They are
simple models of automata networks that can (cyclically) change the structure of their
communication links in the course of computation. We show, contrary to what might be
expected from their simple structure, that they have a very strong representational power.

Chapter 7 develops the algebraic theory of state-homogeneous automata networks,
i.e., networks whose constituent automata all have the same state set at each node on a given
directed graph where edges correspond to permissible intercommunication links. Such
automata networks are natural generalizations of cellular automata, and their considera-
tion is useful to the design of computer networks. In particular, we consider finite state-
homogeneous automata networks algebraically and characterize by a simple graph-theoretic
condition those size n network topologies that are complete with respect to simulation via
projection, that is, those capable of simulation (via projection) of every size n network.
Network completeness (for simulation by projection) for such networks is characterized in
terms of graph-theoretic properties of their interconnectivity graphs (Section 7.2), and those
with a minimal numbers of edges (communication links) are characterized in Sections 7.3
and 7.4. Section 7.5 shows how arbitrary automata networks (including possibly infinite
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ones over locally finite digraphs) can be emulated by asynchronously updated ones (over
essentially the same underlying undirected graph) derived by a simple construction that
keeps only an extra copy of the most recent previous local state and a new local cyclical
counter at each node. As a consequence, many results on automata networks (including,
e.g., cellular automata) have nontrivial and automatic generalizations to the asynchronous
realm.

Other connections, results, and open problems related to the covered topics are
included. We give a self-contained treatment of all results, except for citations of a very
small number of well-known theorems. Bibliographic remarks can be found at the end of
each chapter, and further pointers to the literature and an index are given at the end of the
book.

In this volume we overview some (theoretical) basic properties of automata networks
(including products of automata) and we do not pay direct attention to the applications. We
plan to cover applications and more advanced results in a later volume. The monograph
gives an abstract theoretical background to computational network synthesis and design. It
is devoted to computer scientists, electrical engineers, communication engineers, system
scientists, and anyone for whom the concepts and capabilities of networked processes is
important. It is also useful to researchers and postgraduate students working in the structure
theory of automata, universal algebra, or semigroup theory, since antomata networks are
strongly related to these areas.
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Chapter 1
Preliminaries

In this chapter we overview some basic concepts and results that are important later in the
monograph. Our approach in this book is algebraic, so we overview all the “pure” alge-
braic concepts and results that are necessary to understand our explanations. To introduce
the reader to the structure of proafs in the further chapters, we also provide elementary

proofs.

1.1 Basic Notation and Notions

First we need to fix some standard terminology. We start with a discussion of some set-
theoretic notation. The set S consisting of all the elements that have the property P is written
as § = {s | s has property P}.! If 5 is an element of S, we write s € S. The opposite case
isexpressedby s ¢ S. Andif s € S implies thats € T, then S is a subset of T and we write
SCT.S\T={s|s € Sands ¢ T} is the set-theoretic difference of S and T. Two sets
Sand T are equal, ie., S =T,if S C T and T C S. Moreover, S is a proper subset of T,
denoted S C T,if S C T and S # T. The set containing no elements, the empty or void
set, is denoted by @. The intersection of S and T is the set consisting of all the elements in
both S and 7 and we write SNT = {s | s € S and s € T}. The union of S and T is the set
consisting of the elements in either S or 7. In symbols, SUT = {s | s € Sors € T}. The
set operations extend naturally to families of sets {S; | i € I}, where [ is referred to as an
index set:*
US,- ={s|s €S forsomei € I},

iel

nS,-={s|seS,- foralli € I}.

iel

IThis way of specifying sets suffices for this monograph and will not lead us into any foundational difficul-
ties. To avoid misunderstanding, sometimes we also use the form § = (s : s has property P} instead of § =
{s | s has property P}.

2An index set may be empty, but for intersection, it is required that the index set I be nonempty. In this
monograph we consider only nonempty index sets.



2 Chapter 1. Preliminaries

Two sets are disjoint if S N T = @, and the family of sets {S; | i € I} is disjoint if the sets
are pairwise disjoint: §; N S; # @ implies i = j forall i, j € I. The cardinality of a set
S is denoted by |S|. S is called finite if it has finitely many elements. Thus |S| denotes the
number of elements for a finite set S. In particular, if |S| = 1, then S is called a singleton.

Let S and T be sets. A (well-defined) function f of S into T, written f : § — T,
assigns to every element s € § one and only one element ¢ € T, written f(s) = ¢. Then
t is the image of s, and s is an inverse image or preimage of t under f. S is called the
source and T the targetof f. Weput f~1(t) ={s | f(s) =t,5 € S} foreveryt € T. We
will also use the notation f(S) = {f(s) | s € '} and f~HT") = U, £ () for any
S’ C §, T’ C T. The function f is sometimes called a map or mapping from S to T. The set
F(8) ={f(s) | s € S} is called the image of f : S — T. The rank of f is the cardinality
of its image. If f(S) = T, then f is an onto or surjective function. If f is surjective, we
may also write f : § — T. The function f is one-to-one or injective if for every sy, 52 € §,
s1 # 5, implies that f(s;) # f(s2). If f is injective, we sometimes write f : S — T.If f
is surjective and injective, then it is called bijective. A bijective map from any set S to S is
a permutation and is said to permute the elements of S. If | f(S)] = 1, then f is a constant
Jfunction, or constant for short.

Let f: A > B,g: C — D be functions with C C A and g(c) = f(c) for each
¢ € C. Then we say that f is an extension of g (to A) and that g is a restriction of f (to C),
and sometimes we write g = f|¢. The (right) composite or (right) product fg of functions
f:8—>T,g:T— Uisthefunctionh : § — U with h(s) = g(f(s)) foralls € S.

The cartesian product of the finite sequence of sets Sy, .. ., S, istheset §; x---x §, =
{(1y---282) | 51 € S1,...,8, € S,}. It is also defined for a not necessarily finite family
{S; | i € I} of sets as the set of all functions ¢ : I — |J;; S such that, for every i € I,
@(i) is in S;. For this concept we use the notation [];, S;. (For finite index set 7, it is more
convenient to think of the elements of a cartesian product as a set of n-tuples as defined
above.)

A relation between a set S and a set T is a subset p of S x T. For (s, ) € p we write
spt.Thus p ={(s,7) | s p t}.

A relation p between S and S itself is called simply arelation on S. It is called reflexive
ifforall s € S, s p 5; symmetric if forevery s, ¢ € S, s p t implies ¢ p s; antisymmetric if
forevery s,t € S, s pt and ¢t p s implies s = ¢; and transitive if s p t and ¢ p u implies
s puforeverys, t,u € S. Arelation p on § is an equivalence relation on S if p is reflexive,
symmetric, and transitive. If p is an equivalence relation on S, then for every s € S, the
sets/p = {t | s pt} is the equivalence class of s under p. This notation is extended to an
arbitrary subset §' of S by §'/p = {s'/p | ' € S'}). A partition = on § is a collection of
disjoint subsets of § whose set union is S. Then, in symbols, # = {S; | i € I} such that
SiNS; =@fori # j,i,jel, and ;. S; = S. Sometimes we refer to the elements of &
as blocks. For every s € §, m(s) will denote the block containing the element s. It is clear
that if p is an equivalence relation on S, then S/ p is a partition of S, and that every partition
of § can be given in this way.

A reflexive, antisymmetric, and transitive relation o on a set § is a partial ordering on
S. A preorder is a reflexive and transitive relation on S. For a preorder, identifying s with ¢
in S whenever both s p ¢ and ¢ p s hold results in a partial ordering. A partial ordering p on
aset S is called a linear ordering (or total ordering) or, in short, an orderingif s ptort p s
for every pair s, ¢ € S. If an arbitrary set § is supplied with a partial ordering, then we speak
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of a partially ordered set. Similarly, if an arbitrary set S is supplied with an ordering, then §
is called an ordered set. Given a partially ordered set § with partial order <, s € S is called
a minimal element of S (with respect to the partial ordering <) if s’ < s” implies s” # s for
every distinct s’, s” € S. It is easy to see that every finite nonempty partially ordered set S
has a minimal element; moreover, this minimal element is unambiguously determined if S
is an ordered set.

Let f: X; x---x X, — X be amapping having n variables for some positive integer

n; moreover, lett € {1, ..., n}. Itis said that f really depends on its tth variable if there exist
distinct x;, x,” € X, such that for some x; € X;,...,x%_1 € X;—1, X141 € X41,-+., X €
Xy FX1y oo X1 Xty Koty oo o5 Xn) 7 F X1y oo vy Ximty X' Xegds -0 - Xn). I f does not

have this property, then we also say that f is really independent of its tth variable. Moreover,
if there is no danger of confusion, then sometimes we omit the attribute “really.”
For a given nonempty set, X and positive integer n denote by X" the nth cartesian

power of X. Given a k-element subset H of {1, ...,n}, H = {i}, ..., ik} (1 < --- < ig),
the H-projection of X" is the mapping pry : X" — X* defined by pry(xy,...,x,) =
(xi,, ..., x;,), where (x1, ..., x,) € X" If it is well defined, the function pry(F) : Xt >

X* with pry(F)(pra(x1, ..., x,)) = pra(F(x1, ..., x,), for (x1, ..., x,) € X",iscalled
the H-projection of F : X* — X". If H = {h} for some h € {1,...,n}, ie., H is
a singleton, then sometimes we use the expression h-projection (of a vector or function)
in the same sense as the concept “H-projection” (and in this case we sometimes use the
notation pry instead of pr,;). Moreover, for an arbitrary i € {1, ..., n}, we define the ith
component of F : X" — X" as the function cp;(F) : X" — X with ¢p; (F)(x1, ..., X,) =
pri(F(xq,...,xy)) for (x1,...,x,) € X".

For any pair F; : X" — X",i = 1, 2, one denotesby Fio F> : X" — X" the function
FioF(x1,...,xy) = B(Fi(x1,...,x,)) for (x1,...,x,) € X". (This is just the (right)
product of functions defined above.)

A word (over X) is a finite sequence of elements of some nonempty set X. We call
the set X an alphabet, the elements of X letters. Ifu = x---x; (x1,...,x € X) and
V = Xgst - Xn (Xkt1, ..., xn € X) are words over an alphabet X, then their catenation
UV = Xp -+ XpXr41 - Xn 18 also a word over X. In particular, for every word u over X,
uh = Au = u, where A denotes the empty word having no letters. The set of all words
over X is denoted X*. If p = gr for some g, r € X*, then ¢ is said to be a prefix and r a
suffix of p. If u, v, w are words, then v is a subword of uvw. For every x,...,x; € X,
the reverse of p = x ... x; is defined by p = xi . .. xy. Thus the reverse of any letter is the
letter itself. Similarly, the reverse of the empty word is the empty word itself. The reverse
of a word is also called its mirror image. In addition, for any word p, we set p° = A and
p" = p"!p (n > 0). Thus p* (k > 0) is the kth power of p. The length |w| of a word w
is the number of letters in w, where each letter is counted as many times as it occurs. Thus
the length of the empty word A is zero by definition.

If there is no danger of confusion, we shall sometimes denote an n-tuple (ay, ..., a,)
with each @; € X by the word a; . ..a,. Therefore, for any alphabet X and nonnegative
integer n, X" also denotes the set of n-length words over the alphabet X. X® = {1}, and
X* = |U,.o X". By the free monoid X* generated by X we mean the set of all words
(including the empty word 1) having catenation as multiplication. We set X+ = X* \ {A},
where the subsemigroup X+ of X* is said to be the free semigroup generated by X. (See
below for definitions of monoid and semigroup.)
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Throughout this monograph, for integers k, n (n > 2), k (mod n) denotes the least
positive integer &’ such that n divides £ — k’. (In particular, 0 (mod n) = n.)

Finally, given an alphabet A, let us consider a word a;...a, € A" and an integer
ke{l,...,n}. We will denote by c(a; .. .ay, k) the kth cyclic permutation of a; . . . a,. To
be precise, let
gy ---anay ...a; ifk <n,
ai...ay, ifk=n.

cla...an, k) = {

1.2 Semigroups, Monoids, and Groups

A nonempty set S with a mapping u from the cartesian product § x S into § forms a
semigroup® if the binary operation u satisfies the associative law: (s, (s, 53)) =
w(u(s, §2), s3) for all sy, 52, 53 € S. The mapping u is called multiplication in S, and
u(sy, 52) is the product of s; and s; (in that order). If S is finite and it has n elements, then
we also say that S is a finite semigroup of order n. S is called commutative or abelian if
u(s1, s2) = u(sz, s1) holds for every sy, 52 € S. Otherwise we say that § is noncommutative
or nonabelian. One writes instead of s; = (57, 53) simply sy = 5253 (51, 52, 53 € ). Asso-
ciativity guarantees that products written without parentheses have well-defined values in
S. §' is a subsemigroup of S if §' C §, and, moreover, for every s1, 52 € §', 515, € §'. For
every s € Sand subset H C SweputsH = {sh | h € H}, Hs = {hs | h € H}. Further-
more, for any pair H,, H, € S, we write H1 H, = {h1h2 | h1 € Hy, h, € H,}. In particular,
if H| = H,, then we put H> = HH and, in general, let H' = H, H* = H*H for
every positive integer k¥ > 1. Associativity of S guarantees that H; (H, Hs) = (H H>) H; for
every choice of subsets Hy, H,, H; C §, so Hy H, H3, written without any parentheses, is a
well-defined subset of S. Therefore the set of all subsets of S is itself a semigroup under this
multiplication. The subsemigroup of S generated by a subset H C Sis (H) =, H".
We also say that H C S generates a subset H' C S if H' C (H). In the case of singleton
H = {h) or finite H = {h,, ..., h,}, we write (h) for ({h}) and may write {h,, ..., h,) for
{{h1, ..., hy}), respectively. In addition, if H € S, s € S, and s € (H), then sometimes
it is said too that H generates s. H is a generating system for S if (H) = S. A generating
system H is minimal if for every h € H, H \ {h} is not a generating system. A minimal
generating system is also called a basis. In addition, a semigroup S is finitely generated if
it has a generating system with finitely many elements. If H is a finite generating system
for S, then for an appropriate B C H, B is a basis of S.

Let S and T be semigroups having a mapping ¢ : § — T such that y(s15;) =
Y (s (s9) for all 51, 52 € S. Then we say that  is a homomorphism from § to T. If ¢
is surjective we also say that S can be mapped homomorphically onto T and that T is a
homomorphic image of S. If in addition v is bijective, then we say that § is isomorphic
to T (or S and T are isomorphic) and ¥ is called an isomorphism. If the semigroup
81 is a homomorphic (isomorphic) image of the semigroup $> and $, is a homomorphic
(isomorphic) image of the semigroup S3, then §; is homomorphic (isomorphic) image
of S3. An automorphism is an isomorphism whose source and target coincide. A map of
semigroups ¢ : S — T is an antihomomorphism if ¥ (s152) = ¥ (s2)¥ (s1) forall sy, s; € S.

3Empty semigroups may also be allowed. (See, for example, Eilenberg [1974, 1976].) In this monograph we
consider only nonempty semigroups.
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A bijective antihomomorphism is called an anti-isomorphism. It is easily verified that if
T’ is a subsemigroup of 7 and ¥ : § — T is a homomorphism of semigroups, then
S = ¢~ 1(T") is a subsemigroup of S. A semigroup S divides a semigroup T if T has a
subsemigroup 7' such that S is a homomorphic image of 7”. It is easy to verify that division
is also a transitive relation. That is, for any semigroups T, S, and U, if T divides § and S
divides U, then T divides U.

Ifn > 1 and s € S, then the nth power of s, denoted s”, is defined inductively, by
s! = s and s"*! = s"s. Anelement e € S is an idempotentife* =e. fyy : § - Tisa
homomorphism, then ¥/ (¢) = ¥ (e?) = ¥ (e)¥ (€) so ¥ (e) is also an idempotent. Moreover,
if f2 = f is an idempotent of T, then its preimage ¢~ (f) is of course a subsemigroup of S.

1

Proposition 1.1. In a finite semigroup, every element s has a unique idempotent among its
powers.

Proof. The list s, s2, s, ... must be finite. Hence s™ = s™*4 for some m > 1,a > 0.
Letting m be the least such, take the least @ > 0 for which this equation holds for m. Then
s™ = §™*¢ implies, inductively, that s™ = s™*7¢ for all r > 0, whence also s* = s™*" for
all t > m. The distinct powers of s are thus s, ..., s™, ..., smta=1 [ etk > 0 be the least
integer such that ka > m. Taking n = ka, (s*)?> = s"**¥@ = 5" is an idempotent power of
s. To see uniqueness, if (s*)? = s* for some ¢ > 0, then ¢ > m (whence ta > m, and so by
leastness of k, ¢ > k), and so 5* = (5°)% = 5@ = shat(t-Ra — gka — gn m]

An eclement r €S is called a right-zero element of S if sr=r for all s€S.
Symmetrically, £ € S is a left-zero element if £s = £ for all s € §. In addition, 0 € §
is the zero element if os = so = o0,s € S. If the semigroup has both a left-zero ele-
ment £ and a right-zero element r, then it has an unambiguously determined zero element
o = £r = £ =r. It follows that the zero element of a semigroup § is uniquely determined
if it exists. A semigroup is a monoid if it has an element 1 for whichs1 = 1s = 5,5 € §.
Just as for a zero element, the element 1 of a semigroup is uniquely determined if it exists
and is called the identity element of S. (Similarly, left-identities and right-identities are de-
fined analogously to left- and right-zeros.) Clearly, left- and right-zeros and identities are
all idempotents. If ¥ : § — T is a homomorphism, and S and T are both monoids with
respective identity elements 15 and 17, it need not be the case that y (15) = 17. The monoid
with two right-zero elements or flip-flop monoid is F = {e, £, r} with ee = e, el = fe =
£l =rf ={,er =re =rr = £r =r. Then, for example, the constant function from F to
F taking every element of F to £ is a homomorphism but does not take the identity element
e to itself. A homomorphism between monoids that does take the identity to the identity is
called a monoid homomorphism.

A monoid is a group if for every s € Sthereisans~! € S suchthatss™! = s~ 1s = 1.
Inverses in a group are unique, since if 7, r € S were bothinversestos, thent =¢t1=1t(sr) =
(ts)r = 1r = r. Thenforevery s € S there is exactly one s ! satisfying the above equalities,
and s~! is called the inverse of s. Obviously then, s is the inverse of s71 so the operation
on any group G, given by g > g~! (g € G) is a permutation of the elements of G. If
X is any subset of G, then X! denotes the set {x~! | x € X}. If gy is any element of
G, it is easy to check that conjugation by g, defined by g > goggy ", is an isomorphism
from G onto itself. A monoid or group is said to be #rivial if it consists of only its identity
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element. However, if G is a nontrivial group, then it cannot have any left-zero or right-zero
(or zero) element. In fact, the identity element of a group is its unique idempotent (since
1 =ele = e le? = eforany e* = e € G). Therefore any homomorphism from a monoid
to a group is necessarily a monoid homomorphism. If » is the least nonnegative integer
such that g” = 1, then we say g is an element of finite order n, and we write o(g) = n. If
no such n exists, then g is of infinite order, o(g) = oo. It is easy to see that o(g) is the
cardinality in the subsemigroup generated by g. Obviously, (g~!, g) is a group, the smallest
one containing g, and, moreover, (g7, g) = {g} if and only if o(g) is finite.

A congruence relation p on a semigroup S is an equivalence relation such that s; o s2
and s; p 53 implies 515] p s285. If 5105, for some 51,5, € S, then sometimes we write
§1 = s,(mod p) or, in short, s; = s5. (Then we say that s, is congruent to s, modulo p
or, in short, sy is congruent to s;.) Let S and T be semigroups having a homomorphism
Y : S — T. Then y determines a congruence relation p with s = s’(mod ¢) if and only
if w(s) = Y (s')(s, s’ € §). A partition S/p of the semigroup § is called compatible if p
is a congruence relation. In this case, multiplication in S induces a semigroup structure on
S/p: Letting [s] denote the p equivalence class s/p of s € S, compatibility means that the
multiplication [s1][s2] = [s1s52] is well defined for all s, s, € § and is associative. It follows
that s > {s] is a homomorphism from S onto the guotient semigroup S/p. Moreover, if S
is a monoid or group, then so is S/p.

Considering semigroups (monoids, groups) as algebraic structures, we can speak about
a subsemigroup (submonoid, subgroup) of a given semigroup (monoid, group). In speaking
of a submonoid of a monoid, it is required that the identity element of the submonoid
coincide with that of the monoid. (For subgroups of groups, this condition is obtained
automatically.) Thus a subset H of a group G is a subgroup of G if H is a subsemigroup of
G, H contains the identity element 1, and g~! € H whenever g € H. If H is subsemigroup
of a finite group G, then H is necessarily a group: for any 2 € H, h” is idempotent for
some n > 1, since G is finite. Thus H contains 4" = 1, the unique idempotent of G, and
A" = h*"1h = 1 = hh™ 1, so H contains 1 and h~! = h" ! foreachh € H. If G is
not finite, a subsemigroup need not be closed under taking inverses, i.e., it might contain
an element 4 but not ™!, and so may fail to be a subgroup. This is the case, for example,
with the natural numbers considered as a subsemigroup of the group of integers under the
operation of addition. We say G is generated as a group by a nonempty set X € G if
X U X! generates G. (Of course, if G is finite, then X generates G as a group if and
only if X U X! generates G.) This is equivalent to saying that the smallest subgroup of G
containing X is G itself. Then we put (X)sroup = G. Then, for example, (g) group = g7, g
holds for any g in any group G. And, in general, in any group G, the subgroup generated as
a group by a subset X is (X)gronp = (XU X “yforany X C G. By the above discussion, if
G is finite, or more generally when every element of G has finite order, then (X} 400 = (X}.
It is common to speak of (X)group as “the group generated by X,” and, if no confusion can
result, to write (X) for (X)group-

Let G be a group and H a subgroup of G. For every g € G, we define Hg = {hg |
h € H}. This Hg is called the right coset of H by g. The left coset of H by g is defined
symmetrically: gH = {gh | h € H}. Both {Hg | g € G} and {gH | g € G} are partitions
of G with the same cardinality. We say that g € G normalizes H if g H and Hg coincide.

A subgroup H of G is normal if its right and left cosets coincide, i.e., gH = Hg for
every g € G. (Equivalently, gHg ™' = Hforallg € G.) Then{gH | g € G} (= {(Hg | g € G})



1.2. Semigroups, Monoids, and Groups 7

is called a partition of G by H. We write H <1 G if H is normal in G. If H is a normal
subgroup, then the partition of G by H is compatible. Using normality and H? = H, we
have

Hg\Hgy = (g1H)g2H = g1 H(Hgz) = (g1H)g2 = Hg142.

On the other hand, every compatible partition of G can be given by a normal subgroup.
Then the set G/H = {gH | g € G} forms a factor group of G having Hg\Hg, = Hg\ 8,
Hg,, Hg, € G/H, where H (= 1H) is the identity element of G/H and (Hg)™! = Hg™!
for each Hg € G/H. However, if ¥ : G — T is a surjective homomorphism, then the
kernelof y, kery = K = {g € G : ¥ (g) = ¥ (1)}, is easily seen to be a normal subgroup,
and, moreover, G/K is isomorphic to T via the map gK — ¥ (gK) = ¥ (g). Thus G maps
homomorphically onto G/H when H is normal and every homomorphic image of G is of
this form.

Obviously, G and {1} are normal subgroups of G. If N is a normal subgroup of G
such that {1} C N C G, then it is called a proper normal subgroup of G, and then G/N is
said to be a proper factor group of G. If G is nontrivial and has no proper normal subgroups,
then it is called simple. If G is simple, then every homomorphic image of G is isomorphic
to {1} or G. A proper normal subgroup N < G is maximal if N € H < G implies H = N
or H = G. This holds if and only if G/N is simple.

In an abelian group, every subgroup is normal. A group is cyclic if it can be generated
as a group by one of its elements. An elementary exercise shows that every cyclic group is
necessarily abelian, but not conversely. If an abelian group G is simple, it contains an element
g # 1, and since {g) is normal in G, we have that (g} = G. Thus G is cyclic. If o(g) = o0,
G must be isomorphic to the group Z of integers under addition, but this is not simple since
the even integers form a (normal) subgroup. Hence, o(g) # oo, but then the order of g
must be prime: for if 0(g) = nm, for integers n, m > 0, then (g} = G has nm elements.
Suppose m # 1; then by definition of order of g, g" # 1 and so the normal subgroup (g")
must be G. Now since (g")" = g"" = 1, the group (g") = {g*, ..., (g")"} = G has no
more than m elements. So it can only be that » = 1, whence o(g) is prime. Thus an abelian
group is simple if and only if it is a finite cyclic group of prime order. It is immediate that
for every simple (finite or infinite) group G, G is nonabelian if and only if G is not cyclic.

If any two semigroups $; and S, are considered, the ordered pairs (s1, s2) with s,
from S; and s, from S, form a semigroup according to the rule that defines products of
pairs componentwise, i.e., (51, $3)(s7, 55) = (515, 5555), 51,8/ € S1,8,5; € 5. This
semigroup is called the direct product of ) and S, and is written S| x S;. It is easy to see
that S; x S; and S; x S} are isomorphic. If e is an idempotent in S, then the ordered pairs
(51, e2) with s; € §; make up a subsemigroup of §; x S, isomorphic to S;. In particular, if
Sy has an identity e, and S, has an identity e,, then (e, e5) is anidentity for S} x S,. Thus the
direct product of monoids is obviously a monoid, and the component monoids are isomorphic
to submonoids of the direct product. The analogous assertions hold for groups since inverses
in the direct product of groups can be obtained by taking inverses in each component.

Next we prove the following theorem.

Theorem 1.2. Let G = {gy, . .., 8} be a (finite) order n group. Put PG ={gpq)--- 8Py |
P is a permutation over {1, ..., n}}. If G is simple and noncommutative, then there exists
a positive integer m with Pf = G.
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Proof. First, for every positive integer ¢ and g € Pg, we have |Pg"1| > |gP{| = |P§I.
Since the group is finite, such growth must eventually finish, i.e., there exists a positive #
such that t > 1, implies | P5| = | P2|.

Of course, since taking inverses permutes the elements of G, for every g = gpy - -
gpiny € Pg, we have g7 = (gpem) ™!+ (gpm)~! € Pg. Thus e € PZ for all m even,
where e denotes the identity element of the group G. Let m > #o be such thate € P

Now P2" = P»PM and P¥ = ePZ C PZ". Since 2m,m > ty, P2 and P2™ have
the same number of elements, so it follows that Pg; P7 = PgZ . Therefore, P is a subgroup
of G.

Since conjugation permutes elements of G, if r is an arbitrary element of G, then
rgeqay - gp(,,)r‘l = (rgp(l)r_l) oo (rgp(,,)r‘l) € Pg. Thus rPGr_l = Pg, and induc-
tively, for all # > 1, it follows that 7 P ir—! = (r PLr\)(r Pr~') = PP = PS5l In
particular, r PZr~! = PZ. Therefore, every element of G normalizes PZ, and thus PZ is
a normal subgroup in G.

Since G is noncommutative, there are g;, g; € G with g;g; # g;g;. Without loss
of generality, suppose these elements are g; and g>. Then g18283--- g, # 828183 &n
are two distinct elements of Pg. Since |Pg| > |Pg| > 2, PZ is not the trivial subgroup.
Therefore, by the simplicity of G, P7 = G necessarily holds. ]

Let G be a group. An element g € G is called a commutator if g = aba='b~! for
some elements a, b € G. The smallest subgroup that contains all commutators of G is called
the commutator subgroup (or derived subgroup) of G and is denoted by G'. It is easy to
check that G’ is normal in G and that it is nontrivial if and only if G is noncommutative. In
particular, G = G’ whenever G is simple and noncommutative. Thus we can also get our
previous result as a direct consequence of the following well-known theorem.

Theorem 1.3 (Dénes-Hermann theorem). Let G = {gy,..., g,} be a (finite) order n
noncommutative group and denote G’ its commutator subgroup. Put P = {gpq) -+ 8p@m) |
P is a permutation over {1, ..., n}}. There exists a g € G with P = G'g. Thus Pg = G,
whenever G = G'. m|

1.3 Transformation Semigroups, Division, and Wreath
Products

Let A be anonvoid set. Amapping ¢ : A — Aiscalled a transformation of A. Recall that for
every pair s; : A — A of transformations we define the (tight) multiplication sys; of s1 by s2
as the transformation s : A — A having s(a) = s>(s;(a)). The set S of all transformations of
A form a semigroup under this (right) multiplication of mappings since function composition
is associative, Then Tg(A) = (A, S) is called the (right) full transformation semigroup of
A. Sometimes we denote s;(a) as a - 5;, and we have (a - s1) - 52 = a - (5152) for all
a €A, s, s € S. If Hisasubsemigroup of S, then (A, H) is called a (right) transformation
semigroup on A, and we say that H (and each element 2 of H) acts on (the right of) A.
In particular, if A = {1, ..., n} for some positive integer n, then T5(A) is the (right) full
transformation semigroup of degree n and S is the symmetric semigroup of degree n. Note
thatif (A, H) is a transformation semigroup, then for all s, s’ € H,iffora € H,a-s = a-s’
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holds, then s = s/, since s and s’ give the same transformation. If there exist a, b € A with
a #band s(a) = s(b) =a,butwith s(w) = u forallu € A\ {a, b}, then s is called an
elementary collapsing.

Again, take a nonvoid set A. For finite A, if there is some a € A such that for each
a’ € A there is a positive integer n with a’ = ¢"(a), then ¢ is called a cyclic permutation
of length |A| on A. Clearly, ¢ is a cyclic permutation of length |A| on A if and only
if by an appropriate choice of indexing for A = {ay, ..., a,}, for example, a; = ¢’(a)
(1 £i < n), the permutation ¢ shifts all elements of A one position in the ordering given
by the indices, with an element shifted off the end inserted back at the beginning. We may
then write ¢(a;) = a;41 (mod,,).“ (We remark that shifting each a; (1 < i < n) by any k
(1 <k < n—1)10 a;1 moan) defines a cyclic permutation of length » if and only if n and
k are relatively prime.) Given a nonempty subset B C A, a transformation ¢ : A — A is
called a cyclic permutation of length | B| on A if ¢|p is a cyclic permutation of length | B| on
B and, simultaneously, ¢(a) = a for every a € A \ B. A cyclic permutation of length m is
also called a cycle of length m. A cyclic permutation of length 2 is called a transposition.
A transposition may be given using the notation 7, : A — A with

u ifu € A\ {a, b},
o) ={a ifu=hb,
bifu=a

for some a, b € A with a # b. The set P of all permutations of A forms a group under the
(right) multiplication of mappings. Tg(A) = (A, P) is called the (right) full permutation
group on A. And if H is a subgroup of P, then (A, H) is a permutation group on A, and
we say that H acts on (the right of) A by permutations. If A = {1, ..., n} for some positive
integer n, then T; (A) is the (right) full permutation group of degree n and P is the symmetric
group of degree n. Permutation groups are also sometimes called transformation groups.

Given a permutation p : {1,...,n} — {1,...,n}, the pair p(i), p(j) is called an
inversion if (p(i)} — p(j))(i — j) < 0. A permutation is called even if the number of its
inversions is even. Equivalently, p is even if it can be written as the product of an even
number of transpositions. The set of all even permutations of {1, ..., n} forms a group
under the usual (right) multiplication of mappings, and this group is called the alternating
group of degree n.

Theorem 1.4. Given a positive integer n > 1, the alternating group A, of degree n is the
only maximal proper normal subgroup of the symmetric group of degree n. Moreover, A,
is simple if and only if n # 4. 0O

We will use the following simple fact.

Proposition 1.5. Let n > 1 and take the following three transformations of {1, . .., n}:

® the cyclic permutation y;(i) = i + 1(mod n),
® the transposition y>(1) = 2,1,2) = 1, and 2 (i) =i ifi > 2,

“Recall that for arbitrary integers k, m (m > 2), k (mod m) denotes the least positive integer k¥’ such that m
divides k — k’. In particular, 0 (mod m) = m (mod m) = m.



10 Chapter 1. Preliminaries

® the elementary collapsing ys(1) = 3(2) = land y3(i) = i ifi > 2 forall i
(1<i<n)

Then {y1, 2} generates the full permutation group of degree n, and {y,, v», v3} generates
the full transformation semigroup of degree n.

Proof. Consider the following game. Let us have » distinct places and » distinct coins and
let us place the n coins ¢;,i = 1, ..., n, onto the places 1, ..., n so that at the start ¢; is
placed onto i:

1 2 n
Any transformation ¢ : {1,...,n} — {1,..., n} is represented by moving the con-

tents of position ¢ (i) to place i. More precisely, we have the following interpretation of
transformations—Interpretation 1: Simultaneously for all placesi (1 < i < n), replace the
contents of place i by a copy of the current contents of position t (i).

Obviously, the transformation ¢ is completely determined by its effect on the coins in
their initial configuration. Note that in the resulting configuration there may be no, one, or
more than one copy of a given coin ¢; depending on how many times ¢ takes the value k.
Also, in the resulting configuration, each place holds exactly one coin, and therefore this
remains true if we apply any further transformations.

Ift' : {1,...,n} = {1, ..., n} is another transformation, let us observe what happens
when we first carry out 7 and then 7’ under this interpretation. After ¢ has been carried out,
position i will contain ¢,;, but, moreover, position #' (i) will contain ¢, (). If we then carry
out ¢', we must replace the contents of place i by a copy of the current contents of position
t' (i), i.e., bY ¢i¢¢iy). Thus, under this interpretation, ¢ followed by ¢’ results in putting
the original contents of position #(¢'(i)) into position i. Thus, under this interpretation, t
followed by t' has the same effect as the transformationt’ o t.

To show that {y1, 2, y3} generates all possible transformations, it suffices to show
that for an arbitrary transformation ¢, from the initial configuration with each coin ¢; on
position i, we are able to obtain, by applying some finite sequence of moves representing
the y’s, the configuration in which a copy of coin ¢, is on position i forall 1 <i <n.

First we prove that {(y;, ¥} generates all permutations of {1, .. ., n}. We use two types
of moves: either exchange the coins in the first two places (this is the move corresponding
to the transposition y») or turn all the coins such that ¢, is moved to 1, and for every
i €{l,...,n— 1}, ¢; is moved to (i + 1) (this is the move corresponding to the cyclic
permutation y; ! = y'1):
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Thus, foreveryi = 1, ..., n— 1, we can exchange the coins in the places i and (i + 1)
in the following way. First turn the coins in (n + 1 — 7) steps around the places 1, ...,n so
that ¢; is moved to 1 and ¢;; is moved to 2:

n—i+1 n—i+2

TURN n + 1 — i TIMES

Then exchange ¢; and ¢;1 (using the transposition y,):

e 8 - 88 - 8

n—i+1 n—-i+2
EXCHANGE CONTENTS OF PLACES 1 AND 2

Finally again turn all coins i — 1 steps:

i+1

TURN { — 1 TIMES

As aresult, ¢;+; has moved to i, ¢; has moved to (i + 1), and all the others go back to their
original places.

Now,let p: {1,...,n} = {1, ..., n} be an arbitrary permutation and suppose again
that first the n coins ¢y, . . ., ¢, are placed onto the places 1, .. ., n so that ¢; is placed onto
i. If p(1) = 1, then leave ¢; on 1. Otherwise, successively exchange the coin ¢,y with its
left neighbor (p(1) — 1) times so that it moves onto place 1. (The left neighbor of a coin on
place i + 1 is the coin on place i, for 1 <i < n — 1, and place i is to the left of place j if
i < j.) Now if place 2 contains ¢ P2 do nothing, otherwise observe that ¢, (2) cannot be on
place 1 (which now contains ¢ (D) since p is a permutation), and exchange c ) repeatedly
with its left nelghbor unt11 it arrives at place 2. Then we repeat this procedure inductively
with placesi = 3,4, . — 1, in that order. At each stage, by induction, all places to the
left of the position i that we are currently considering already contain the correct coins, and
therefore, since p is a permutation, coin c,(;), now cannot be to the left of place i.

i—1 j n

AT STAGE i IN THE INDUCTION COIN ¢y MUST LIE ON A PLACE j WITHi < j <n
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Therefore we can move ¢, left to place i by zero or more exchanges with successive left
neighbors as before without disturbing the coins already correctly positioned on places 1
to i — 1. Finally, each place i will contain the coin ¢p),i = 1,...,n — 1, so, since p is
permutation, place n must contain ¢p ).

Now lett : {1,...,n} — {1,...,n} be an arbitrary transformation. If ¢ is a per-
mutation, then we are done. Otherwise, let 1 < k < n be the largest integer such that
t(i1), ..., t(iy) are pairwise distinct for some i; < --- < iy in {1, ..., n}. Then first we
can move ¢,y 10 iy, ..., i, 10 ix by any permutation on {1, ..., n} that agrees with ¢
on {ij, ..., ix}. This puts coin ¢, on place i; for each £ € {1,...,k}. Suppose that
t(j) = t(ig) forsome j & {i1, ..., ix}, iy € {i1, ..., ix}. We may assume iz, j ¢ {1, 2}, for
otherwise the argument is similar with minor adjustments for the various possibilities. Then
exchange the coins on places 2 and j; moreover, exchange the coin on 1 and the coin on i,.
Now we remove the coin from place 2 and put a new copy of ¢;(;,) onto 2 (the elementary
collapsing y3). Then we exchange again the coins on 1 and i;, and similarly exchange again
the coins on 2 and j. As a result, places j and i, both contain a copy of ¢;(;; = ¢,y and
all other positions are as they were. By repeating this procedure for the other elements not
in {i1, ..., iz}, finally all places i will have the appropriate copies of the appropriate coins
¢t~ The proof is complete. 0

An interpretation of transformations other than the one used in the proposition above
(which we refer to as interpretation 1) is possible. Namely, for interpretation 2, a trans-
formation ¢ : {1,...,n} — {1, ..., n} is represented as follows—Interpretation 2: Simul-
taneously, move all the current contents of each position i to position t(i). Note that ¢ is
determined by its effect on the above initial configuration—that is, by the resulting config-
uration with coin ¢; in position ¢ (i). Under this interpretation, some positions may get no,
one, or several coins, but each coin always has exactly one position (and is never duplicated
or removed).

Observe that if p is a permutation; then under interpretation 1 applied to the initial
configuration, place i contains c,;), while under interpretation 2, place p () contains c;, and
taking j = p~!(i), place p(j) = i will contain ¢j = cp-1;). Thus, p under interpretation
1 then has the same effect as p~! has under interpretation 2, and vice versa.

Under interpretation 2, if ¢ is followed by ¢, first place #(i) gets the contents of
position i, and then, if j = #(f), position #'(j) = ¢'(#(i)) gets the current contents of
position j = (i), i.e., gets the original contents of position i. Thus, under interpretation 2,
the effect of t followed by t’ is the same as the effect of t o t'.

Given a transformation ¢, let #! denote its action on configurations of coins and posi-
tions under interpretation 1, and similarly let #! denote its action on configurations under
interpretation 2. Conversely, if T is a transformation of coins and positions arising from a
transformation ¢ under interpretation 1, then let [T']; = ¢, and similarly if T is a transfor-
mations of coins and positions arising from a transformation ¢ under interpretation 2, then
let [Ty =¢.

As a consequence of these observations and the remarks in the discussion of interpre-
tation 1 in the proposition, we have the following.

Fact 1.6. Let ¢, ¢y, ..., t, be transformations on {1, ..., n} and p a permutation. Then

['h=t and [Mh=t,
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[Pla=p" and [pP"h=p7",
tho ol =(fro-- o),

tPo---otf:(tlo'--otk)n. (s}

Corollary 1.7 (position-contents duality lemma).
(1) Let pq, ..., px be permutations on {1,2, ...,n}. Then

[plo--opilm=pilo-opyt and [plo---opfhi=plo---opi.

(2) Letty, ..., be transformationson (1,2, ...,n}. Then
o ofii=[tf o ot
Proof. For the first part, using the fact,
[Pio-—opn=I[(po-op)ln=(po---op) ' =pi'o---op,

[Plo-opili=[(pio---op)"h=(pio--op)™ =p;lo-0p".
The second part follows from the last two equations in the fact:

o oflhi=[to- o) i=to---oh

=[@o-- o) lu=[5 o0 ofln. m]

Remark. It is perhaps interesting to note that the second part of the position-contents du-
ality lemma shows that switching between the two interpretations corresponds to reversing
the direction of time, i.e., whether a sequence of transformations is carried out reading
from left to right or, in the reverse order, reading from right to left.

Remark. In what follows, we will generally follow interpretation 1 of transformations
as it appears to be more common in the automata-theoretic literature (although this is
seldom made explicit). Should the reader encounter the other interpretation anywhere, it is
possible to use Fact 1.6 and Corollary 1.7 to convert between the interpretations. Using the
right product of functions and interpretation 1 means that (right) composition of functions
corresponds to left composition of transformations of configurations.

Let A and B be two (not necessarily disjoint) finite nonempty sets. Moreover, let Hy
and Hp be two sets of permutations over A and B, respectively. For every ¢ € H4 U Hp let

pkx) fxe Aandgp € Hy
o|*B(x) = orx € Band ¢ € Hp,
x otherwise.

Moreover, let {H, U Hg) = {{p|1V8 : ¢ € Hy U Hp}).
Next we prove the following lemma.
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Lemma 1.8. Let A and B be two finite sets with AN B # B, A\ B # @, and let Tg(A)
and T (A U B) denote the full permutation groups of A and A U B, respectively. Then
{Tg(A) U {cp}) = Te(A U B) holds for every cyclic permutation cg of length |B| on B.

Proof. If A = B, there is nothing to prove. If not, let A = {ay,...,a,}, |B| = k, and
a; € B. We shall inductively build a chain of sets
B=D G D1 S D2 G- G Du=AUB

such that |D,| =m and cp, € (Tg(A) U {cp}) is a cyclic permutation of length m for each
m=kk+1,...,n,ie.,

ep. () = div1modmy fu =d; € Dy, 1 <i <m,
Dn u ifu e (AUB)\ D,
for an appropriate arrangement dy, . . ., d,, of D,, depending on m.

For this, the base case m = k is trivial since we may take cp, = cg. Suppose then that
D,, hasbeen constructed with | D,,,| = m along withthelengthm cyclecp,, € (T (A)U{cg)).
If D,, = A U B, then the induction is complete; otherwise let x = a; denote the element
in A\ D, with the least index. We note that i > 1 because a¢; € D, C D,,. Therefore
y = ai_1 € A exists and lies in D,,. We may therefore write y = d; forsome 1 < j <m
in the ordering dj, ..., d,, of D,,. (Note that there exists such a pair D,,, D, because
A\ B # 0 is assumed.) Now let D,,41 = D,, U {x} and consider the transposition 7y,
exchanging x and y. Sincex, y € A, wehave 1,, € Tg(A). Thus 7, ycp, € (Ta(A)U{cp})
in view of the induction assumption cp, € (7g(A) U {cg}}. On the other hand,

u ifu ¢ D, U {x},
_ ) divimodmy ifu=d; € Dy andi # j,
(Tx,chm)(u) - x ifu = d_](= y),

dj+1 (mod m) ifu=x.

Hence cp,., =1x,y¢p, is a cyclic permutation of length m + 1 on A U B. (The ordering
of D, is obtained by inserting x immediately after y = d; in the sequence dy, ..., dp.)
Since ¢p,,,, = Tx,yCp, € (T6(A) U {ca)), the induction step is complete.

In the final step of our induction, the symbols x and y were adjacent in the cycle
caup. Thus, by Proposition 1.5, {csus, Tx,y) = Tg(A U B). Since c4up and 15, both lie in
(Tg(A) U {cg}), the lemma is proved. O

Observe that the condition A \ B # @ in Lemma 1.8 is essential. For example, if
A={1,3}, B={1,2,3,4}, then Tg(A) U {cp} C Tc(A U B).

If (X, S) is a transformation semigroup, we denote by (X, §) the transformation
semigroup with transformations § = {¢ | t € S or ¢ is constant}. Let 1 denote the identity
map on X. Also we denote by (X, S*) the transformation semigroup with $* = {t | ¢ €
Sort = 1x}. If X = {1, 2}, then (X, {1x}) is called the flip-flop, and its transformations
form a semigroup isomorphic to the flip-flop monoid F mentioned above.

The wreath product of transformation semigroups (X, S) and (Y, T), denoted (¥, T):
(X, §),is the transformation semigroup (¥ x X, W), where W is the set of all transformations
wof ¥ x X satisfying forall (y,x) €Y x X

,x)w=0Q- flx),x-s)
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for some fixed f : X — T and s € S, both depending only on w. For each element w of
W, f and s are uniquely determined. Thus we may identify W with the set of all (f, s) with
f:X — Tands € S. In W, the product of (f, s) followed by any (g, s") € W is given by
function composition

0, %) - (£, N =" f(x),x-5)g, )= fx)gx-s),x-s5).

Thus the product is of the form (h, ss”) with h(x) = f(x)g(x - s) for all x € X. This
shows W is closed under composition, so W is indeed a semigroup and (Y x X, W) is
indeed a transformation semigroup. If § and T are monoids, then so is W since it has
identity element 1y = (i, 15), where 15 is the identity element of S andi : X — T is
the constant function i(x) = 17, the identity element of T, for all x € X. If (X, S) and
(Y, T) are permutation groups, then so is their wreath product. For (f,s) € W then let
f'(x) = (f(x-s71) ! forall x € X. Then (y, x) - (L )(f',s™) =y f&)f(x-9),
x5 = (- fFEf(x-8)-sTH a1 = (- fOOfx - ssTNTLx) =
O fEFE 1L =0 fFEOFO L) =G 1r,%) = @, %) = (y,%) - G 1s).
So (f,s)(f',s™) = 1w. In particular, each (f,s) is seen to be injective. Similarly
0.0 (s D) =G @ fx-s™D,xs71s) = G- fas ™D flxs™, x-15) =
- 17,x-15) = (v, x)(, 15). So (f, s 1)(f, s) = 1w, whence (f, s) is surjective, hence
a permutation of ¥ x X, with inverse (f’, s~!) in W. This shows that W is a group and that
(Y x X, W) is a permutation group.

Observethat (Z, U ((Y, TH(X, §)) = ((Z, U (Y, T))(X, S) since both have states
Z x Y x X and transformation semigroups consisting of exactly those transformations w of
the form (z, y, x) - w = (z- fa(y, x), y- f2(x), x - f1) for some functions fz : ¥ x X — U,
f2: X— T, and fi €S uniquely determining w. We see that the wreath product is an
associative operation on the class of transformation semigroups and also on the class of
permutation groups. Similarly, the wreath product of # > 0 transformation semigroups
X;, S:), i = 1,...,n, is unambiguously defined. We have (X, S,) ¢--- ¢ (X1, §1) with
state set X, X - - - X X and transformations consisting of all w of the form (x,, ..., x;)-w =
(xn-f,,(x,,_l, ey X1), .. .,xz-fz()ﬁ),xl'f]),Whel'efl €85 andf, XiagxoeexX, - S
for2 < i < n. We see that f; determines the transformation in component i as a function of
the components x; of the state with 0 < j < i. Thus transformations of this n-fold wreath
product are in one-to-one correspondence with the n-tuples (f,, ..., f1)-

We say (X, S) embeds in (X', §') if there exist Y € X', T C §', a bijective mapping
Yp ¢ X — Y, and an isomorphism of semigroups ¥, : § — T such that ¥;(x - s) =
Yra(x) - Y1 (s) forall x € X, s € S. It follows that (¥, T') is a transformation semigroup.
We then write (X, §) < (X', §'). In particular, since (¥, T) must be a transformation
semigroup, for each #;, 1, € T, 1 # t, implies there exists a y € ¥ (not merely in X'!) such
that y - #; # y - to. We say T acts faithfully on Y if this condition holds. Thus, a semigroup
T of transformation does not act faithfully on a set Z if #; # #, but 1,(z) = £ (z) for all
ze”Z.

The direct product of transformation semigroups is (¥, T) X (X, §) = (Y x X, T x S)
with (y,x)-(t,s) =(y-t,x-s)forallxe X,ye Y,se §,reT.

Remark. The direct product of transformation semigroups embeds in their wreath product.
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Proof. Let yr2(y, x) = (y,x) and ¥, (¢, s) = (¢, 5), where ¢, : X — T is the constant
function taking value ¢. Clearly these are bijective onto their images. Since for all (y, x) €
YxX,t,t' eT,s,5 € 8§, wehave (y,x) - (¢;,5)cr, s = -, (x), x-5) (¢, ) =
(e (x-8),x-58) = (y-tt',x - 58) = (y,x) - (¢, 557, it follows that ¥, (2, 5)
Y1, s") = Y1 (tt', s8'), i.e., ¥y is a homomorphism. Finally (y, x) - (¢, 5) = (3 « ¢, (%),
x-8)=(y-t,x-5),s0V2(y, x)- Y1 (t, s) = ¥2((y, x) - (¢, 5)), establishing the embedding
Y, xX,8— DX, S). ]

We say that a transformation semigroup (X, S) divides (X', §’) if for some subset
Y C X', subsemigroup T of §, with Y - T C Y, there exist an onto function Y, : ¥ — X
and a surjective semigroup homomorphism v, : T — § satisfying ¥ (y-t) = ¥ (y) - 1 ()
forally € Y,t € T. We write (X, §) < (X', §). Members of wz'l(x) are called lifts of the
state x (x € X), and members of ¢, Y(s) are called lifts of transformation s (s € §). Division
is more general than embedding: given an embedding, to construct a corresponding division
one simply takes the (unique) lifts of states x and transformations s to be their respective
images under the embedding.

A caveat: distinct transformations on a set X’ might restrict to the same transformation
of Y C X'. Forexample, if Y = {3} € {1,2,3} = X'and o € T = {0,0?} witho
interchanging 1 and 2 but leaving 3 fixed, then ¢ # o2 but o and o act as the identity
transformation on Y. Thus, in the definition of division, although each element ¢ € T gives
a well-defined action on Y, we cannot conclude that the pair (Y, T) is a transformation
semigroup. However, considering the restriction T|y of T to Y, whose elements are the
restrictions of t : X' — X’ to transformations of Y, we do have a transformation semigroup
(7, T|y), and moreover, the T |y is a homomorphic image of T under the congruence ¢ = ¢t/
ifandonlyify-t =yt forally e Y.

These concept are also defined for semigroups S and 8’ : § < §’if S is a homomorphic
image of a subsemigroup of $’ as we have already defined. S — S§’ if S is isomorphic to a
subsemigroup of §’.

Proposition 1.9. Ler (X, S) and (X', §') be transformation semigroups. (X, S) divides
(X', §) if and only if there exist a nonempty set Y C X' and functions h : ¥ — X,
@ : § — 8 such that h is surjective, y - ¢(s) € Y, and h(y - ¢(s)) = h(y) -sforally € Y
and s € S. In addition, (X, §) embeds (X', §') if and only if we have the above properties

such that h is a bijection and for every s}, s}, € ¢(S), s}ly = s,y implies s; = s.°

Proof. First we assume (X, §) < (X’, §). Then there are a subset ¥ C X', a subsemigroup
Tof § withY -T C Y, an onto function ¢, : ¥ — X, and a surjective semigroup
homomorphism ¥ : T — S satisfying y»(y - ) = Yo (y) -1 (t) forally e Y, t € T.
Let T’ be a subset of the semigroup T such that for every s € § there exists exactly one
t € T’ with ¥1(t) = s. Then we can construct a bijective mapping ¥ : § — T’ such
that for every s € §, ¥(s) € wl"l(s) NT.Puth = ¢, and define ¢ : § — 5 by
@(s) = ¥(s),s € S. Then, of course, there exists a nonempty set ¥ € X’ and functions
h:Y > X, ¢ : § - § such that h is surjective, and, moreover, y - p(s) € Y and
h(y - ¢(s)) = h(y)-sforall y € Y and s € §. In addition, if (X, §) embeds (X', §'),

SWe need not assume the injectivity of ¢ because this fact will be a consequence of our conditions.
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then ¢, should be bijective. However, we assumed 4 = ;. On the other hand, ¢, is a
semigroup isomorphism. Consequently, for every s1, 55 € ¢(S), we have s1|y = 53|y if and
only if ¥2(y) - Y1(s7) = ¥2(y) - ¥1(s3), y € Y. But then ¥1(s7) = ¥1(s3), which leads to
5| = s5. Therefore, s||y = 55|y implies 5| = s} for every s1, 5; € ¢(S), as we stated.

Conversely, assume that (X, §) and (X', §’) are transformation semigroups such that
there exists a nonempty set ¥ € X’ and functions h : ¥ — X, ¢ : § — S such that h
is surjective, and, moreover, y - ¢(s) € Y and h(y - ¢(s)) = h(y) -sforall y € Y and
s € S. First we show that ¢ is injective. Assume that, contrary of our assumptions, there
are distinct sy, 55 € S such that p(s1) = ¢(s2). Then x - 51 # x - 57 for some x € X.
Let x' € Y be arbitrary having A(x") = x. Then hA(x") - 51 # h(x') - 52, which implies
h(x" - (1)) # h(x' - p(s2)). But then x’ - 9(s1) # x' - @(s2), i.€., p(51) # (s2), which is
a contradiction. Now we consider the subsemigroup T of $’ generated by ¢(S). First we
observe that y-¢ € Y holds forevery y € Y and ¢t € T because T preserves this property of
@(S).Indeed, if y-#; € Yholdsforeveryy € ¥, t; € 9(S),i =1, ...,n,theny-t)...t, €Y
foreveryy € Yandy,...,t, € ¢(S).

Lety € Y, #, t; € T bearbitrary andput y; = y-t1, y» = y1-t2. Givenapairs,, 5; € S,
let 9(s1) = 1, 9(s2) = t2. Then A(y - 11) = h(y) - 5;. Thus h(y1) = h(y) - 51. Similarly,
h(y1-12) = h(y1)-s2 and thus h(y,) = h(y1)-s2. Hence we get h(y2) = h(y)-s152. Therefore,
h(y) - 5152 = h(y - t112) holds for every y € Y. On the basis of this observation, we can
prove by an induction that A(y - @(#1) - - - @ (8,)) = h(y) -ty - tp,y € ¥, 11, ..., t, € T. This
meansthaty-@(sy) ... 9(s,) = y-@(s7) ... ¢(s,) implies h(y)-s1 ... 5, = h(y)-s].. .5, for
everyy € ¥, s1,...,8,5,...,5, € S. But then ¢(s1) ... 9(s.) = @(s7) ... ¢(s;) implies
S1...8 =S8|...5, forevery s1,...,58,,51,...,8, € S. Therefore, the surjective mapping
Y : T — S is well defined having ¥ (t) = s; - -5, whenever ¢(s)) ---@(s,) = £, t €
T,s1,...,8, € S. On the other hand, ¥1(t122) = ¥1(t1)¥1(2). t1, t2 € T obviously holds.
Thus v, is a homomorphism of T onto S. Put yr» = h. Then we have that there are a subset
Y € X’, a subsemigroup T of ', with Y - T € Y, an onto function ¢, : ¥ — X, and a
surjective semigroup homomorphism v, : T — § satisfying ¥»(y - 1) = ¥ (y) - ¥1(¢) for
ally e Y,t € T. Therefore, (X, ) < (X', §).

Now we suppose that % is bijective and 51|y = s}|y implies s; = s; for every 57, 53 €
¢(S). We now show that @(s1)@(s2) = @(5152), 51,5 € S. Let y; = y - ¢(s1) and y, =
¥1 - p(s2) forsome y € Y.

Then A(y - @(s1)) = h(y) - s1. Thus h(y1) = h(y) - s1. Similarly, h(y; - ¢(s52)) =
h(y1) - 52 and thus h(y;) = h(y) - 5. Hence we get h(y2) = h(y) - 5152. Therefore,
h(y)-s152 = h(y-@(s1)@(s2)) holds for every y € Y. On the other hand, by our assumptions,
h(y) - s152 = h(y - 9(s5152)), ¥ € Y. Thus we obtain h(y - @(s1)@(s2)) = h(y - @(s5152)).
Hence we obtain ¢(s1)@(s2)ly = @(s152)|y by the bijectivity of 4. But then we assumed
o(s1)e(s2) = ¢(s152). Thus ¢ is a semigroup isomorphism of § onto ¢(S). Put T =
@©(S), ¥1 = ¢~ 1, ¥» = h. Then we obtain that Y € X', T C §’ is a subsemigroup of §’,
Y2 : X — Y is a bijective mapping, and i, : S — T is an isomorphism of semigroups,
such that ¥ (x - s) = ¥r2(x) - Y1 (s) for all x € X, s € S. The proof is complete. O

In practice, the following technique is useful when showing that (X, S) divides (X', S").

Proposition 1.10. Let (X, S) and (X', 8') be transformation semigroups. To show that
(X, S) divides (X', §), it suffices to choose one or more X € X’ as lifts for each x € X and
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one ormore § € § as lifts for each s € S, such that the following hold:
(1) Each member of X’ (resp., S') is a lift of at most one element of X (resp., S).
(2) If X is any lift of x and § is any lift of s, then X - § is some lift of x - s.

Proof. Let Y be the set of lifts of elements of X and 7 be the subsemigroup of S’ gener-
ated by lifts of members of S. Notice that (2) implies that Y - T € Y. Let y»(X) = x
and ¥(5) = s for each ¥ € X and each generator § of 7. These are well defined by
(1). Now define (55 ---51) = ¥1(Sp) - ¥1(s1) = $p---51. Then ¥y 1 ¥ — X,
and Y : T — S is a homomorphism, provided that v, is well defined on all of 7.
To see that this extended y, is well defined, suppose s, ------ §1 = Im---F; for some
si,rj € S(1 <ix<n1<j<mmn>0) Then both these products determine
the same transformation of X’. Now if s, -- 81 % 74, - - - - 11, then since (X, S) is a trans-
formation semigroup, there exists an x € X where these two transformations differ, i.e.,
X -Sp---81 # Xy ----r1. Consider any lift X of x. By (2) applied inductively, % - s, - - - §1
isaliftof x -s,--.s,andx -7, ---rpis alift of x - r,, - - - r1. Hence, since no element
of X’ is a lift two distinct elements of X it follows that X - 5, ---§] # X - Fp - - - F1, a con-
tradiction. Therefore, s, ---5; = rn --- - r1, showing that v is well-defined. Clearly,
Yo (X - t) = Y2(X) - Y1 (¢) forall ¥ € Y and ¢ € T, establishing the division. a

Several times in this monograph we make use of the following.

Proposition 1.11. Let G be a group and let (A, S) be a transformation semigroup such that
G divides S, with S finite. Then G is a homomorphic image of some group G contained
in S. Moreover, G acts by permutations on some Z < A so that (Z, G) is a permutation

group.

Proof. By definition of division G «w— S’ € S for some subsemigroup §’ of § and some
surjective homomorphism 1. We take S’ to be minimal (under inclusion) among subsemi-
groups of $ having this property. (S’ exists since § is finite by hypothesis.) Let ¢ = e be an
idempotent in ¢ ~1(1) for 1 € G. (e exists since ¥ ~!(1) € § is a finite semigroup.) Then
eS'e C & also has the property, since ¥ (s) = 1¢¥(s)1 = Y (e)¥ (s)¥ (e) = Y (ese) for all
s € §', so by minimality §* = eS’e, which is a monoid with identity e. Take ¢ € e¢S’e, and
let ¢ be the unique idempotent power of ¢ by Proposition 1.1. Then ¢’S’e’ C eS’e has the
property as well, so 'S’e’ = eS’e. Bute' is an identity for ¢’S’¢’ and e is an identity for eS’e,
whence e = ¢’. Thus for each #, there exists n > 1 such that " = e, so "'t = 11"~ = ¢.
This shows that eS’e is a group.

LetZ=A-e={a-e:a e A}. Now e is idempotent, so it acts as the identity on Z.
Wehave Z-eS'e CZ=Z-e=Z-cee C Z-eS’e, whence Z = Z - ¢S’e. Moreover, each
t € eS’e acts on Z as a permutation: taking z € Z, wehave (z-t"71).# = z.e = z, 50 ¢ maps
Z surjectively ontoitself; andif z-t = z'-tforz, 2’ € Z,thenz = z-e =z t" = 7. 1" =7,
and so the action of ¢ is also lIl_l(?CthC Let G = eS'e.

Finally, to show that (Z, G) is a permutation group on Z, we must show that G embeds
into the full permutation group on Z. We already know that the elements of G permute Z.
It remains to show that distinct elements of G give rise to distinct permutations, i.e., for all
81, & € G, g1 # g, implies that there existsa z € Z suchthatz-g; # z- g,. Now suppose
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g1 # &2. Since (A, §) is a transformation semigroup with G C §, there exists a € A with
a-g #a-g. Lettingz =aq-e € Z,wehavefori = 1,2,z-g; = (a-e)-g; = a-(eg;) = a-gi.
Hence z - g1 and z - g, are distinct. This completes the proof. |

We record three important observations that are clear from the proof of Proposition 1.11.

Corollary 1.12. For every homomorphism ¢ of a finite semigroup Sontoa group G, there
exists a subgroup (i.e., a subsemigroup that is a group) G of S such that go(G) O

Corollary 1.13. Let S be a semigroup of transformations of a finite set A and let G be a
subgroup of S. Then there exists a subset Z of A such that the restrictions of the elements
of G to Z are permutations forming a group isomorphic to G. O

Corollary 1.14. Let S be a semigroup of transformations of a finite set A, and assume
that there exists a subset Z of A such that some elements of S when restricted to Z are
permutations. Then there exists in S a subgroup G such that the permutation group G
generated by these permutations of Z is a homomorphic image of G.

It is not difficult to verify the following useful fact.

Fact 1.15. For all finite or infinite transformation semigroups (X, S), (X', §"), (Y, T), and
(Y, T"), we have the following:

DX <Y, TYand (X,5) < (X',8), then ¥, T) 1 (X, 8) < ¥, TH (X', §).

2) If (X', §") is a permutation group and T’ contains an idempotent, then (Y, T) —
', T)and (X, S) — (X!, ") implies (Y, T) 1 (X, S) = (¥, TH (X', §).

(3) For permutation groups, it always holds that if ¥, T) < (Y',T") and (X, S) —
(X', 8, then (¥, T) 1 (X, 8) — (Y, Th (X, §).

Proof. Conclusion (1) is easily verified. Itis also easy to verify that conclusion (2) holds more
generally whenever (X, §) < (X', §') are any transformation semigroups if 7’ contains
an idempotent ¢® = e (e.g., when T is finite or a group) and if the lifts X of X and the lifts
S of § satisfy (X’ \ X) - § € X'\ X by lifting a transformation (£, s) of (¥, T) 2 (X, 5) to
(f, ), where § is the unique lift of s in §’, and

Foly = f@) ifx' € X and x' is alift of x,
e ifx e X'\ X.
From this observation, (2) and hence (3) follow. a

Lemma 1.16 (Lagrange coordinates). If G is any group and N is a normal subgroup of
G, then (G, G) embeds in the permutation group (N, N) 1 (G/N, G/N).

Proof. For each coset Ng choose a coset representative g € Ng. Map the states of the
wreath product bijectively onto G viay : N x G/N — G with ¢ (n, Ng) = ng. Given
g1 € G we choose a transformation of the wreath product g; covering g;: (n, Ng) -



20 Chapter 1. Preliminaries

£1 = (n- 221881 . Ng - Ng1) = (ngg1281 ', Ngg1). Now since Ngg; = Ngg =
Nggy, it follows that gg;gg1! € N. Moreover, this element of N is determined by
Ng and g;. Thus g; is an element of the wreath product. Now ¥ ((n, Ng) - £1) =
¥(ngg1881 ', Ngg1) = ngg1881 881 = ngg1 = Y (n, Ng) - g1. Furthermore, we claim
that for g1, g» € G, one has g1g> = £142. Indeed, foralln € N and Ng € G/N, we com-
pute (n, Ng)-§1)- &, = (ngg12881 " Nggi)-é2 = (ngs1281 ‘2818288182 ' Nggi1g2) =
(n8818:88182 ', Ngg1g2) = (n, Ng) - g182. It follows that (G, G) is isomorphically em-
bedded inside (N, N) : (G/N, G/N). ]

Theorem 1.17 (Lagrange coordinate decomposition for groups). If G is any nontrivial
finite or infinite group, and {1} = Gy < Gy <+ A Gp—1 < G, = G with each G; a normal
subgroup of G4y for all 0 < i < n — 1 (this is called a subnormal chain), ther (G, G)
embeds in the wreath product of permutation groups

(G1/Go, G1/Go) 2+ - U (Gn/Gn1, Gn/ Gp-1).

Proof. The embedding is derived by induction on #, the length of the subnormal chain. If
n = 1, then G; = G and the embedding is just the identity on (G, G). Suppose thatn > 1.
Then by induction hypothesis (G,—;, G,—;) embeds in

(G1/Go, G1/Go) 1+ - 1 (Gpo1/ G2, Gn—1/ Gp—2)-
By applying Lemma 1.16 to G,—_; < G,,
(G, G) = (Gn, Gn) = (Gp-1, Gn-1) 1(Gn/ Gn-1, Gn/Gp-1)-
It then follows from Fact 1.15(3) that (G,_;, G,—1) 1 (G,/Gp—1, G/ G,—1) embeds in
(G1/Go, G1/Go) 2+ - 1(Gn~1/Gn-2, Gn—1/ Gn-2) 1(Gn/ Gp-1, Gn/ Gn-1),
and hence so does (G, G). 0
We recall the following well-known theorem from finite group theory.

Theorem 1.18 (Jordan-Hélder theorem for finite groups). Let G be a finite group,
and let {1} = Go < G1 4 --- A4 G,_1 A G, = G be a composition series for G; i.e.,
each G, is a maximal proper normal subgroup of Giy forall0 <i <n — 1. Then if
{1} =Hy< Hy <---< Hy,-1 < H, = G is another composition series for G, thenn = m
and there is a permutation m of the set {0, ..., n} such that each G;.1/G; is isomorphic
to Hyy41/Hr). Moreover, any proper subnormal chain of G can be completed to a
composition series. That is, if (1} = Gy < - - - <A G, = G, (G; # Giq1 for0 <i < k), then
this chain has a refinement which is a composition series. ]

For a composition series of a nontrivial finite group G, each G,/ G; is a simple group
since G; is a maximal normal subgroup of G;;; and is called a Jordan—Holder factor of
G. The theorem entails that the Jordan—-Holder factors G (with multiplicities) are uniquely
determined up to isomorphism. Obviously each Jordan—Holder factor G;41/G; of G divides
G, since it is a homomorphic image of the subgroup G;y;. However, G may have other
simple group divisors that are not Jordan—Holder factors. For example, this is true if G is
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a simple nonabelian group (as is evident from considering the simple divisors of its cyclic
subgroups).
We now have as a further corollary the following theorem.

Theorem 1.19 (Jordan-Holder coordinate theorem for finite groups). If G is a finite
nontrivial group, and {1} = Gy <G < -+- A G, < G, = G with each G; a maximal
proper normal subgroup of G,y for all0 < i <n — 1, then (G, G) embeds in the wreath
product of permutation groups

(G1/Go, G1/Go) v+ 1 (Gn/ Grt1, Gn/ Gr_1),

where each G;11/G; (0 <i < n — 1) is a simple group. Moreover, the components of this
wreath product and their multiplicities (but not necessarily their sequence) are the same for
all such decompositions.

Proof. The theorem is an immediate consequence of the Lagrange coordinate decomposition
theorem and the Jordan-Holder theorem for finite groups. o

1.4 Bibliographical Remarks

Section 1.1. Several books present various aspects of the basic notation and notions used
in this book. Most are folklore going back to G. F. Frobenius at the turn of the nineteenth
century. (See Frobenius’s collected works, published [1968].)

Section 1.2. Theorem 1.3 is from J. Dénes and P. Hermann [1982]. Some other aspects of
this result are given by Dénes [1986]. Except for this result and the new proof of Theorem
1.2, the other parts of this section should also be regarded as folklore.

Section 1.3. An important contribution to the theory of transformation semigroups by
K. B. Krohn and J. L. Rhodes appeared in a book edited by M. A. Arbib [1968]. It is also
presented in an elegant form by S. Eilenberg [1976]. A nice book on the generating systems
of the finite symmetric groups is one by S. Picard [1946]. Theorem 1.4 is due to E. Galois
[1832]. Proposition 1.5 is folklore. The formulation of position-contents duality (Fact
1.6 and Corollary 1.7) and the observation on its relation to time reversal in the following
remark, although elementary, appear to be new. The main idea of the proof of Lemma 1.8
is well known in the literature; one can find various statements of the same flavor, although
we have not seen a formulation suitable for a direct reference. For the reader’s convenience
we have included a short elementary proof. By some well-known ideas in Wielandt [1964],
another proof can be created easily. This elementary proof is due to D. S. Ananichev;
see Ananichev, Domési, and Nehaniv [2004]. Corollaries 1.12, 1.13, and 1.14 are derived
as consequences of Proposition 1.11. They were formulated also by A. Ginzburg [1968].
Lemma 1.16 and Theorem 1.17 are folklore going back to Lagrange and Frobenius (and have
been variously formulated by, e.g., L. Kaloujnine and M. Krasner [1950, 1951a, 1951b],
H. Neumann [1967], K. B. Krohn and J. L. Rhodes [1962, 1965], S. Eilenberg [1976], and
C. L. Nehaniv [1992, 1995, 1996]). Theorem 1.19 follows from the latter immediately using
Theorem 1.18 due to C. Jordan [1869] and O. Hoélder [1889]. The other statements are new
but elementary.
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Chapter 2

Directed Graphs,
Automata, and
Automata Networks

In this chapter we introduce the concepts of directed graphs (digraphs), automata, net-
works constructed from them, and related algebraic structures used for studying automata
that communicate according to the links of an interconnection digraph. Techniques and
concepts developed here will be used throughout the monograph. Various restrictions on
the kind of digraph of interconnections lead important classes of automata networks, whose
computational power (completeness of various types) and stability we will consider. Results
proved here suggest why many networks are so stable even when a lot of links are omitted.
We prove that a digraph (i.e., a network) with all loop edges and m > n vertices remains
n-complete if it is strongly connected and has a branch. Therefore, even with a number of
links omitted, the network is able to preserve its completeness. Such properties underline
and yield insight into the well-known experimental results that real-world networks (for
example, the Internet, neural networks, and genetic regulatory networks) can remain very
stable even if many of their links are removed.

Elementary relationships between automata and associated algebraic structures are
introduced, as are important types of automata networks and the various notions of com-
putational power of classes of automata under particular ways of constructing networks
(i.e., products of automata over interconnection digraphs). Another important part of this
chapter is the fact that certain semigroups of automata mappings have no basis, i.e., mini-
mal generating system. By these negative results we know it is hopeless to seek such bases.
In the last part of the chapter we show some simple but important properties of automata
products which are also considered automata networks. These include presentations of the
well-known classical decomposition theorems of Gluskov and Letichevsky that characterize
minimal computational elements that are nevertheless powerful enough for different kinds
of computational completeness.

2.1 Digraph Completeness

A (finite) directed graph (or digraph) D = (V, E) (of order n > 0) is a pair consisting of
sets of vertices V = {v1,...,v,} and edges E C V x V. Elements of V are sometimes
called nodes. Moreover, if (v, v') € E, then it is said that (v, v’) is an outgoing edge of v,

23
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and, simultaneously, (v, v') is an incoming edge for v'. (In this way, a loop edge (v, v) has
both of these properties concerning the vertex v.) An edge (v, v') € E is said to have source
v and farget v'. If |V| = n, then we also say that D is a digraph of order . In addition, the
digraph associated to D with all loop edges is the digraph D* = (V, EU{(v,v) | v € V})
for every digraph D = (V, E).

AwalkinD = (V, E) is a sequence of vertices vy, ..., Uy, n > 1, such that (v;, v;+1)
eEi=1,...,n—1. Awalkis closed if vi = v,. By a (directed) path from a vertex a
to a vertex b # a we shall mean a sequence v; ... v,,n > 1, of pairwise distinct vertices
such that a = vy, b = v, and (v;, v;41) € E foreveryi = 1,...,n — 1. The positive
integer n — 1 is called the length of the path. Thus a path is a walk with all n vertices
distinct. A closed walk with all vertices distinct except v; = v, is a cycle of lengthn — 1.
If n > 3, then sometimes we speak about a real cycle. (Therefore, closed walks with just
two distinct vertices and, moreover, loop edges are not considered real cycles.) Two cycles
of a graph are called disjoint if they have no vertex in common. In the opposite case we
say the cycles intersect. If (v,v") € E and v = v/, then (v, v') is called a (self-)loop
edge. A branch in a digraph is a pair of nonloop edges (v, v'), (v, v") with v/ # v” (and
v ¢ (v, v"}). The union DUD’ of two digraphs D = (V, E) and D’ = (V’, E’) is defined
as a digraph D" = (V U V', E U E’). The digraph D’ = (V’, E’) is a subdigraph of D if
V' is a nonvoid subset of V, and E’ C E. D has a homomorphism onto D' = (V', E’) if
E' = {(¢ (), ¥ () | (v, v') € E} for some surjective ¢ : V — V'.If 4 is bijective, then
we speak about an isomorphism. D is connected for v € V if for every vertex v' € V
either v = v’ or there is a (directed) path from v to v'. D is called strongly connected if it
is connected for all of its vertices. Moreover, D is centralized if there exists a v € V with
(VA{h x {v} S E.

An undirected graph G = (V, E) is a set of vertices V (JV| > 0) and edges E C
{{v,v'} | v,v € V}. An undirected graph is called, in short, a graph. For any directed
graph D = (V, E), we consider the associated undirected graph Up = (V, E') with
E' = {{v, v’} | (v, V") € E}. Then for every {v, v’} € E’, the vertices v and v’ are called
the endpoints of the edge {v, v'}.

Like before, we define a walk in (an undirected) graph (V, E’) to be a sequence of
vertices vy, ..., Uy, such that {v;, v; 1} € E',i =1,...,n — 1. A path is a walk with all n
vertices distinct. A walk is closed if v; = v,. A cycle in a graph is also a closed walk such
that its n — 1 points are distinct. If n > 3, then sometimes we speak about (an undirected)
real cycle. The concepts of union, subgraph, homomorphism onto, and isomorphism for
graphs are also analogously defined. One may define distance d(v, v") between two vertices
v and v’ in an undirected graph to be the least of all lengths among all possible paths from v
to v/, unless v = v’, in which case d(v, v') = 0; otherwise, if no such path exists, one sets
d(v, V) = o0.

We say that a graph G = (V, E) has the ordered cycle property if its nodes can be
labeled with distinct positive integers such that if we identify each vertex with its label,
then every cycle of length £ > 3 can be arranged in the form ¢; < --- < ¢, where each
{ci, Ci+1modry) lies in E and is an edge of the cycle (c; € V, 1 <i < k).

A graph G is called planar if it can be represented on a plane by distinct points for
vertices and simple curves for edges connecting the corresponding points in such a way
that any two such curves do not meet anywhere other than possibly at their endpoints. In
this case it is said that G has a planar embedding. If we modify G by replacing some edge
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{v, '} of G by the edges {v, vz} and {v;, v}, where v, is a newly introduced vertex, we
have subdivided an edge of G. A graph G’ is called a subdivision of the graph G if it can
be obtained from G by a finite number of such operations. (Of course every graph is a
subdivision of itself.) We say that a graph G contains a subdivision of a graph G’ if G has a
subgraph that is isomorphic to a subdivision of &'.

Let n, k, £ be positive integers with k < £. Put X, = ({1, ...,n}, E,), E, = {{i, j} |
Il<i<js=nh, Ke=l,....,+ 2}, Exe), Exe={{i,jl 11 i<kk+1=j<
k + £}. Thus K, is the complete graph with n vertices and Ky ; is the complete bipartite
graph with k and £ vertices (in that order).

Theorem 2.1 (Kuratowski planar graph theorem). A graph G is planar if and only if it
contains no subdivision of Ks, the complete graph with five vertices, nor of the complete
bipartite graph Ks 3. O

THE GRAPH K5 AND THE GRAPH K3 3

A realization of G on the plane, according to the conditions mentioned, is called a
topological planar graph and is denoted R(G). The connected portions (in the topology of
the considered plane P) of P\ R(G) are called faces. A face thus contains no vertex or point
of any edge and its boundary is the set of edges and vertices in its closure. The (unique)
unbounded component of P \ R(G) is called the outer face or the unbounded face.

A graph is called outerplanar if it has a planar embedding so that all its vertices lie
in the closure of the same face. In this case, this face may be taken to be the unbounded
face. Outerplanarity is a strengthening of the notion of planarity, which has an analogous
characterization in terms of forbidden subgraphs.

Theorem 2.2 (Chartrand-Harary outerplanarity theorem). A graph G is outerplanar
if and only if it contains no subdivision of K4, the complete graph with four vertices, nor of
the complete bipartite graph K, 3. ]

A digraph D is planar (resp., outerplanar) if its associated graph Up is. Similarly,
a digraph has the ordered cycle property if its associated graph does.

Now we will study the situation in which, in a network of size n, an automaton at node
i is to read a message of another automaton at node (i) where 7 is a transformation over
{1, ..., n} such that 7 is compatible with an intercommunication digraph D representing
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THE GRAPH XC; AND THE GRAPH K 3

the communication links. (In this case each automaton can accept exactly one message
from another automaton choosing one possibility from among the communication links.)
Thus, (v.¢), v;) € Eforalliin {1, ..., n). After synchronous update, each node 7 (i) will
contain the message transmitted from node i, i € {1, ..., n}. It may also be important that
we can send appropriate messages over the network using some consecutive applications
of the various transformations compatible with the intercommunication digraph. Then the
problem is to decompose any desired transformation into a product of transformations that
are compatible with the communication digraph. In particular, if we restrict our investiga-
tions to the case in which the above transformations are permutations of {1, ..., n}, then
the messages must be transmitted along the edges of the interconnection digraph D, in such
a way that, at any given moment, each of the nodes stores exactly one message; then the
problem is to decompose any desired permutation into a product of permutations that are
compatible with the communication digraph.®

Throughout this section we study digraphs in which every vertex has at least one
incoming edge.

A transformation f : V — V is said to be compatible with a digraph D = (V, E)
if (f(v),v) € E for every v € V. The semigroup S(D) of the digraph D is defined to be
the semigroup generated by all D-compatible transformations, and 7' (D) = (V, §(D)) is
the transformation semigroup of D. Then the minimal monoid S* (D) containing S(D) as a
subsemigroup is the monoid of D and M(D) = (V, §*(D)) is its transformation monoid.
Moreover, the group G(D) of D is generated by all D-compatible permutations, and also
T (D) = (V, G(D)) is the permutation group of D. In addition, let E(D) ={e:V — V|
thereexists v, v € V, (v, v) € E,v# vV :e(v) = e(¥) = v, e(w) = w,w € V\ {v, V'}}.
Then E(D) is the set of all D©-compatible elementary collapsings.

Now consider a set C of possible contents that can sit at vertices V. The set CV of
all possible assignments of elements of C to vertices and is called the configuration space
over D with contents from C. We write (cy, . .., ¢,) for an element of CV, with ¢; € C
(1 <i < n = |V|),denoting that node v; is assigned contents ¢; (possibly ¢; = c; fori # j).
A configuration map is any function F : CV — CV. The configuration map F is induced
by f: V> VifF(c,....cx) = (cray, ..., cym) forallc; € C(1 <i < n). (Note that
F = f'according to interpretation 1 of transformation in Section 1.3.) The configuration

SNote that we are interpreting the action of transformations according to what was called interpretation 1 in
Section 1.3, i.e., so that the current contents of node 1 (i) are copied to node i.
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map F is said to be D-compatible if f is.” Define the configuration semigroup S{(D) to be
the semigroup generated by all D-compatible maps of configurations. Then (CV, S5(D)) is
a transformation semigroup, the configuration transformation semigroup of digraph D (for
contents C). Similarly, we can define the configuration permutation group (CV, Gz(D))
and the configuration group G¢(D) of D generated by using configuration maps induced
on CV by compatible permutations of V.

Propesition 2.3. Let D = (V, E) be a digraph and C a contents set with at least |V |
elements. Then the following hold:

(1) The configuration transformation semigroup (CV, S&(D)) and the transformation
semigroup (V, S(D)) of D have anti-isomorphic semigroups. That is, there is a
bijection ¥ : S¢.(D) — S(D) with yy(F o G) = ¥ (G) o¥(F) forall F, G € St(D).

2 IfF(Cl, ciyCp) = (Cf(]), ey Cf(,,)), then
FeSiD) & feSD)and

F e G{(D) < f e GD).

(3) Moreover, the configuration group G¢(D) is isomorphic to the group G(D) of the
digraph.

Proof. The first part of the proof can be seen from the position-contents duality lemma
(Corollary 1.7). More explicitly, let F and G be induced by D-compatiblemaps f : V — V
and g : V — V, respectively. Then

FoG(cr,....ca) = floglcr, ..., cn)
=g'(cray -+ i)
= (Cre1y)s - -+ » Cr(g(ny)) (S€e discussion of interpretation I
in Proposition 1.5)

= (cgof(l)v csey cgof(n))
=(go (e, ..., cn).

For any H € S} (D), we may write H = f[ 0.0 f} for some D-compatible f; : V — V
(1 <i <m). Thenleth = f,, 0---0 f; and ¥ (H) = h. Using the assumption that
C has at least n elements, there exist (cy, ..., ¢,) with pairwise distinct entries. Since
H(cy, ..., ¢n) = (Chty, - - - » Ch(wy)» it follows that i determines H and moreover that ¢ is
well defined. Clearly ¥ : SE(D) — S(D) is also surjective as Y (k') = hforall h € S(D);
hence it is bijective. The second part of the proposition is now clear.

The above calculation shows that ¥ (FoG) = go f = ¥(G)oy (F) for any generators
F and G of SE(D). Thus ¥(H o H') = Y (H') o y(H) holds for all H, H' € S§(D),
establishing that ¥ is an anti-isomorphism.

Arguing as above for D-compatible permutations, one constructs an anti-isomorphism
¥ from G¢ (D) to G(D). (This is just a restriction of the ¥ constructed above.) However,

"We shall use a more general concept of compatibility in Section 2.4.
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since every group G is anti-isomorphic to itself under the map g > g~! (g € G), com-
posing 1+ with the anti-isomorphism of G(D) with itself yields an isomorphism of the two
groups. m]

Notation. For C = {1,...,n}, we shall write F(1,...,n) = (fQ1),..., f(n)) as an
abbreviation for F(c1, ..., cx) = (Crqy, .., Crm)-

Take a digraph D = (V, E) with an ordered set V = {v,, ..., v,},n > 1 of vertices.
Place a coin c; onto v; forevery i = 1, ..., n such that ¢; # c¢; whenever i # j for some
1 <i, j < n. Letus say that a vertex is free if either it is covered by a coin ¢, or there exists
another vertex that is covered by the same type of coin. (The second case is also possible
after we perform some moves explained below.)

Suppose that we are allowed to change the coins according to the following conditions:

(1) Forevery i, j = 1,...,n, we can put a coin ¢; onto the vertex v; if we have one of
the following properties:

(1a) vy contains a coin ¢; and (v, v;) € E;
(1b) v; contains a coin ¢;. (Then it may remain on the vertex v;.)

(2) Forevery j=1,...,n—1, thereexistsak € {1, ..., n}, such that a coin c; is placed
onto vy after the above procedure.

Of course, we can preserve the above properties if we are allowed to apply consecu-
tively two types of rules, moving the coins according to them in the following manner:

M Hv,...,v,, 1 <m <n, form acycle (i.e., (v, v,), (Wi, Vig)s oo s Wi, Viy)s
(v;,, vi,) € E), then we can move the coins such that after this step v; ,, ., ,, is covered
by ¢, whenever v;, was covered by ¢, and, in addition, v;,,, ., i free whenever
v;, was free before (j =1, ..., m). The rest of the coins do not move.

(2) A coin of the vertex v; is changed for a coin ¢; if there is an edge (vx, v;) € E such
that vy is covered by ¢; and moreover v; is free. After this move, we assume that v;
and vy are each covered by one copy of ¢; (and thus v; and v; have become free).
Again, all other coins remain fixed.

We note, of course, that if there are two or more disjoint cycles of D, then we will
get the same result if we apply rule (1) for them simultaneously instead of with consecutive
applications. In other words, we can also consider the application of D -compatible
permutations.

We should also take observations to rule (2).

Suppose that a vertex v is covered by a coin c; and we apply rule (2) consecutively
twice such that we change a coin c; of the vertex vy for ¢, and then immediately after change
the coin ¢, of v; for ¢;. Of course, we have the same result of these two consecutive steps
if we omit the first one and change the coin ¢; of v for ¢; directly.

Assume now that, applying rule (2), we change the coin c; of the vertex v; for ¢;, and
after this, applying one or more consecutive rules of type (1), we move coin ¢, to a vertex
vy, and finally we change the coin ¢; of v, for c;, applying again rule (2). Observe that we
have the same result for these consecutive steps if we omit the first application of rule (2)
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and after one or more consecutive rules of type (1) we change the coin c; of the vertex v,
forc;.

The above observations show that it is enough to apply rule (2) for a coin of a vertex
v in the following cases:

(a) v is covered by ¢,, and

(b) v is covered by c;, j € {1, ..., n — 1}, such that coin ¢; did not arise by applying
rule (2).

These rules are called allowed steps. We say that D = (V, E), V = {v,..., v},
penultimately realizes the permutation p : {1,...,n — 1} — {1,...,n — 1} with respect
to vy, ..., U, if we can reach a configuration after one or more allowed steps such that v,;)
is covered by ¢;, i = 1,...,n — 1 (such that v, should become free). In addition, if D
penultimately realizes all permutations of the form p : {1,...,n — 1} > {1,...,n — 1},
then we say that D is penultimately permutation complete with respect to v,. D is called
penultimately permutation complete if it is penultimately permutation complete with respect
to every v; € V. More exactly, D is penultimately permutation complete if considering an

arbitrary permutation vpy, ..., Vp Of vertices, for every permutation p : {1,...,n —
1} — {1, ..., n — 1} we can attain after one or more allowed steps that vp; is covered by
cpiy» i =1, ..., n — 1 (such that vp(, should become free).

Lemma 2.4. A digraph D = (V, E) is penultimately permutation complete with respect
to vertex vy € V if and only if for each permutation p of the vertices V \ {w}, there is a
transformation p’ € S(D) with p’(v) = p(v) forallv € V \ {vo}.

Proof. This is an immediate consequence of Proposition 2.3(2). m]

‘We note that we could also follow this interpretation: Let us say that a vertex is free
if it is not covered by any coin. (Thus the last vertex is free before the coins are moved.) In
this case we would always have exactly one free vertex. Then we should change the rule
(2) as follows:

(2) A coin ¢; can be moved to a vertex v; if there is an edge (v, v;) € E such that
v is covered by ¢; and moreover v; is free (i.e., v; is not covered by any coin). The free
(empty) vertex v; is changed for a coin c; if there is an edge (v, v;) € E such that v is
covered by ¢; and moreover v; is free. Again, all other coins remain fixed.

By the above interpretation this is evident: we can consider rule (2) a special trans-
position when the empty space and coin ¢; are changed. In each of these cases we have a
configuration map F = f! such that the contents of the position f(j) move to position j.
This observation implies that the two interpretations are equivalent from the point of view
of penultimate completeness of digraphs.

In the most cases we will follow the first interpretation since it is closest to further
discussions.

Now we will characterize the class of penultimately permutation complete digraphs.
For simplicity, for every digraph we will identify the vertices with sequential numerical
labels during this section. Therefore, we assume that a digraph of order n has the (ordered)
set of vertices V = {1,...,n}.

We define the concept of an allowed transformation (with respect to D) in the
following way. Configuration map F = f!is allowed if f : V — V is the composition of
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D®_compatible permutations and elementary collapsings, i.e., of mappings from G(D®)U
E (DY), and, moreover, either f is a permutation or f has rank » — 1 with n not in the
image of f. In this case, we also say f is allowed.

Note that for every allowed mapping F(1,...,n) = (f(1),..., f(n), if f(i) =
fG)i, jefl,...,n}forsomei # j,then f(1),..., fG =1, fG+1),..., f(n)isa
permutation of 1, ..., n — 1. Of course, the identity F(1,...,n) = (1,...,n) is allowed,
and every D®-compatible elementary collapsing F = f! with (i) #n,i € (1,...,n}is
allowed.?

Observe that F; is not necessarily allowed if F F; is allowed.® Additionally, F; F; is
not necessarily allowed if F; and F; are allowed.!? However, we have the next fact.

Fact 2.5, Let F; and F, be configuration transformations generated from compatible ones.
If F, is not allowed, then F; Fy also is not.

Proof. Write F;(1,...,n) = (fi(1),..., fi(n)) for i = 1,2. By the position-contents
duality lemma (Corollary 1.7), we may work with f; and f, but must consider products in
the reverse order. Thus, we will show that f; f> is not allowed whenever f> is not allowed.
It is clear that f; f5 is allowed only if |({f;(j): j = 1,2,...,0a}l >n—-1,i =1,2. Of
course, f1 f> is not allowed if f> has rank less than n» — 1. Since f; is not allowed, it cannot
be a permutation, so we may assume f; has rank n — 1. This implies that the rank of f; fi
is less than n. Then, since f; is not allowed, there are two cases:

Case 1. There are u, v, w € {1,...,n} withu # vand fi(u) = fi(v) #n, fi(w) =

n. Of course, then w ¢ {u, v}. If there exists w’' € {1,...,n} having fr(w") = w,
then fi(fo(w')) = n and | f>f1| < n — 1 implies that f; f; is not allowed. Now we as-
sume that for every w’ € {1,...,n}, fL(w') # w. Thus |f2| < n — 1, ie., there are

distinct k, £ € {1,...,n} with fo2(k) = f>(€). Suppose that there are ¥’,v" € {1,...,n}
with fo(u) = u, L(v') = v (u # v). Therefore, {k, £} # {u',v'} with fi(fo(®)) =
HAREY), ithE) = fi(f2(6)). Obviously, this implies |{fi(f2(«)), fi(f2(v)),
fH (&), ALENY < |{k, &, u',v'}| — 2. Butthen [f2fi| < n—2,ie., f2fi is not
allowed. Now, let us suppose that there exists no w’ € {1, ..., n} with (") = u (# w).
Recall that for every w’ € {1,...,n}, fa(w’) # w. Hence |pfil < n—2,1ie., fof1is
not allowed. Symmetrically, we have the same conclusion assuming that there exists no
w € {l,...,n} with /L{(w") = v (F w).

Case 2. Thereareu,v € {1,...,n} withu # vand fiw) = fi(v) =n.

Suppose that f; is a permutation. Then there are u’, v’ € {1,...,n}, ¥’ # v/ such
that fi(u') = u and f1(v') = v. Hence fo(fi(1')) = f(fi(v")) = n with ¥’ # v/, which
implies that f f> is not allowed.

Now we assume that [{f1(j) : j = 1,...,n}] = n — 1. Then there exists a 4’ €
{1,...,n} with 1() € {u, v}, u # V. Let, say, fi(u’) = u. Therefore, fL(fi(¥)) =n,
but ({f1i2(j):j=1,...,n}| <n. Hence f,f; is not allowed. O

8Recall that FiFo(1,...,n) = F(F(,...,n) = (fi(HQ),..., i(H®»)), where Fi(d,...,n) =
(i, ..., i), i=1,2.
9F1(1: 2,3)= (3s 1, 2)1 (1,2,

3=03.2,3), R(1,2,3)=Q2,1,2).
VFR@,2,3=0221,F1,23=(2

1 2,2), but FL Fp (with F1 F2(1, 2, 3) = (2, 2, 2)) is not allowed.
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Lemma 2.6. If a strongly connected digraph D is penultimately permutation complete with
respect to a vertex v, it is also penultimately permutation complete with respect to any other
vertex.

Proof. LetV = {1, ..., n} denote the set of vertices of D. Without any restriction, we may
assume v = n,

Consider an arbitrary permutation p : {1,...,n — 1} — {1,...,n — 1}. By our
assumptions, we can reach a configuration after one or more allowed steps such that (i) is
covered by cpy,i =1,...,n — L.

In other words, there exists an allowed configuration transformation T (generated
by D-compatible permutations and elementary collapsings) such that T'(1,...,n) =
(1), ..., t(n)) with

1) = {P(i)

an appropriate element of {1, ..., n}

ifi=1,...,n-1,
if i =n.

Take an arbitrary vertex u with 4 # n. To our statement, we prove that D is penulti-
mately permutation complete with respect to u. In D, there exists a path uu; - - - u,,n from
u to n (because of the strong connectivity of D). Let us fulfill the following procedure:
Remove the coin of 7 and then move the coin of u,, to n. After that, in consecutive steps,
move the coin of u;_y tou;,i =m,m — 1, ..., 2. Finally, duplicate the coin of # and put
one of its copies to #; (leaving the other one on u). It is clear that all steps of our proce-
dure are allowed. Formally, these consecutive allowed steps (as a product of D©-compatible
elementary collapsings) resultin an allowed transformation T'(1, . .., n) = (¢'(1),..., ' (n))
with

i if i &{uy,...,um,n},
Poay ifi=u1,
TO=Vu fi=u,je,....m)
U if i =n.

Then D penultimately realizes p withrespectto P(1), ..., P(n),where P : {1,...,n}

— {1,..., n}is a permutation having
i if i &{u,uy,...,un n},
u if i =uy,
Piy=Ruj, ifi=ujjef2,...,m},
Uy if i =n,
n if i =u.

In other words, there exists an allowed configuration transformation T” (gener-
ated by D®-compatible permutations and elementary collapsings) having T7"(1, ...,n) =

@’(1),...,t"(n)) with

pG) if i¢{u,ug,...,u, n}
pu) if i =wu,

") =1 p(uj-1) if i=u;,je2,...,m
p(m) if i =n,
an appropriate element of {1, ...,n} if i = u.
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It is clear that we may assume T” = T'T (with t” = t¢’ having ¢t (i) = /(1 (i)),i =
1,...,n).

But p was an arbitrary permutation over {1,...,n — 1}. Therefore, the digraph
D = (V.{(P(j), P(k)) : (j, k) € E}) is penultimately permutation complete with respect
to n (where n = P (u)). Thus D also has this property with respect to u. O

Using the ideas of the proof of Lemma 2.6, we can derive the following statement.

Proposition 2.7. D is penultimately permutation complete if and only if for every permu-

tation p : {1,...,n— 1} — {1,...,n — 1} and vertex i € V there exists an allowed
transformation F suchthat F(1,...,n) = (p(l), ..., p(i = 1), k, p(i), ..., p(n — 1)) for
agivenk ef{l,..., n} 0

Lemma 2.8. Let D = (V, E) be a digraph with vertices V = {1, ..., n} and edges E =
{1,2),...,(n—=1,n),(n, 1), (m,1)},1 < m < n. Then D is penultimately permutation
complete.

Proof. Obviously, n > 3. If m = 2, then our statement is a direct consequence of
Proposition 1.5. Thus we may assume n > m > 2. We prove that D is penultimatety
permutation complete with respect to n. We will show that D penultimately realizes the
(n — D-cycle y{(i) = i —1mod (n — 1) (¢ € {1,...,n — 1}) and the transposition
n)y=2, 42 =1, y,(i)=ifor2 <i <n—1withrespectto1,...,n.

Let us assume that every vertex i is covered by acoin¢;,i = 1, ..., n, and perform
the following procedure: Change the coin ¢, of the vertex n for a copy of ¢,—;. (By the
effect of this step, both vertices n — 1, n are covered by 1-1 copies of ¢,—;.) Then shift all
coins right cyclically such that we change the coin of the vertex i for the coin of the vertex
i —1(modn),i = 1,...,n. Finally, we obtain the configuration (c,_1,¢1,...,¢p_1). It
is clear that all steps of our procedure are allowed and that the generated transformation is
also allowed.

Formally, consider the mappings

F,_,1,...,n)=(,2,...,n—1,n— 1) [collapsing n to n — 1],
F(,...,n)y=(,1,...,n— 1) [shifting right cyclically].

Obviously, then F; = FF,_, is allowed and F1(1,...,n) = FF,_|(1,...,n) =
Fd,....n—-1,n-1)=@®m-1,1,...,n—2,n — 1). This assures that D penultimately
realizes y; with respectto 1,...,n.

Now, let us consider the following procedure. Assume again that every vertex i is
coveredbyacoinc;,i = 1, ..., n. Firstapply a series of allowed steps as before such that we
remove ¢, and then, in consecutive steps, move coin ¢;_j to the vertex i, i =n,n—1,...,4.
Then duplicate the coin c; and put one of its copies to the vertex 3 (leaving the other one on
the vertex 2). Then we get the configuration (cy, ¢3, ¢2, €3, - . ., ¢p—1). Shift the coins right
cyclically n — 1 times reaching (c2, ¢2, 3, . . ., €4—1, ¢1). Now we can shift the first m coins
right cyclically m — 1 times, which results in (¢2, ..., Cu—1, €2, Cm41s - - - » Cn—1, C1). We
exchange the coin c; of the first vertex for a copy of ¢ covering the last vertex. Finally, shift
again the first m coins right cyclically, obtaining the configuration (c3, ¢y, €3, - . . , Ca—1, C1)-
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Formally, let us give the mappings
FQ,...,n)=(n,1,...,n— 1) [shifting right cyclically],
F,...,n)=(m,1,...,m—1,m+1,...,n) [shifting first m right cyclically],

Fa,....my=(1,...,i—1,ii,i+2,...,n),i=1,...,n—1[collapsing i + 1
toi],

F,Q1,...,ny=@®,2,...,m,...,n—1,n) [collapsing 1 to n].
It is easy to check that F, = F'F,(F'y""Y(F)""'F, ... F,_, is allowed and
F'F(Fy~YF)yFy...F._,Q,...,n) = FF.(FY""(F)"(1,2,2,...,n = 1)
= F'F/(FY"'2,2,3,....,n=1,1)= FF.(2,3,4,....m2,m+1,...,n—1,1)
=F0,3,4,....m2m+1,....n—-1,1)=2,1,3,...,n—1,1).

Therefore, D penultimately also realizes y, with respect to #. Using Proposistion 1.5,
D is penultimately permutation complete with respect to n. By Lemma 2.6 this ends the
proof. O

PENULTIMATELY PERMUTATION COMPLETE DIGRAPH (LEMMA 2.8)

Lemma 2.9. Let D = (V, E) be a digraph with vertices V = {1,...,n} and edges
E={12,....m,D,um+1), m+1,m+2),...,m—1Ln), 0, DH},1 <u <
m, 1 < m < n. Then D is penultimately permutation complete.

Proof. First we prove that D is penultimately permutation complete with respect to r. Using
Proposition 2.7, for this statement we show that D penultimately realizes the (n — 1)-
cycle y; and the transposition y;3, defined as above, with respectton. (Then1 <m < n
implies n > 2.) If u = m, then by Lemma 2.8, we are done. Therefore, we may assume
1<u<m<n.

Let us assume again that every vertex I is coveredby acoin¢;,i =1, ..., n, and con-
sider the following composition of allowed configuration transformations: In consecutive
steps, remove the coin ¢; of i and then move a copy of the coin¢;_; of i —1toi,i =n,n—
1,...,m+2. Then we get the configuration (cy, . .., Cm, Cm+1> Cm+1, - - - » Cn—1). Then shift
cyclically the first m coins u times. Thus we reach (Cp—y+15 - - - » Cm»> €15 €25 -+ - s Cn—se> Cm+15
Cm+1s - - - » Cn—1)- Then u is covered by c¢,,,. Therefore, removing ¢,,4+1 of m+ 1, we may puta
copy of ¢, tom + 1. This results in (Cp—y+15 - -+ » Cms €15 €25+~ +» Cm—us Crs Comtls - « < » Cn—1)-
Now we shift right cyclically the first m coins m — u times reaching (¢1, ¢2, ..., Cm, Cims - - -
¢n—1). The next treatment is that, in consecutive steps, remove the coin ¢; of i and then



34 Chapter 2. Directed Graphs, Automata, and Automata Networks

move a copy of the coin ¢;_; of i — 1toi,i = m,m — 1,...,2. Finally, remove the
coin ¢; of 1 and put a copy of the coin ¢,_; of n to 1. Then we reach the configuration
(Cn—l, €15...,Cp-2, Cn—l)-

Formally, define the mappings

Fqa,...,m=(m,1,....,m—1,m+1,...,n) [shifting first m right cyclically],

Fl,...,m)=(1,...,i—1,i,i,i+2,...,n),i=1,....m=1,m+1,...,n—1
[collapsing i + 1 to i],

F.(1,...,n)=(n,2,...,n) [collapsing n to 1],
F[:‘m+1(1,...,n)=(l,...,u,...,m,u,m+2,...,n),i =m+1,...,n—1{col-
lapsing u to m + 1].
By an elementary computation we may check that
Fy=F,F---F, (FY"™F, (FYF,, - F_(,....n)
is allowed and

FLF| Fly ((FY" ™ F, (FYFly - Fi_y(,...,n)
= FF| - F)_ (FY"F, (F)Q,...,mm+1,m+1,...,n—1)
= FLF] - Fl_ (FY" Fl m—u+1,....m1,....m—um+]l,
m+1,...,n—1)
=FF--F, (FY'"*m—-u+1,....m,1,....m—u,mm+1,...,n—1)
=FF---F,_,Q,....mm,...,n—1)

=Fl...m=1m....n—D=@w-1,1,....m—1,m,...,n—1).

This shows that D penultimately realizes y| with respectto 1, ..., n.
Assuming again that every vertex i iscoveredbyacoinc;, i = 1, ..., n, wedistinguish
two cases.

Casel. m=n-1.

Repeat u — 1 times the above procedure of our proof resulting in ;. Then we
get the configuration (C,—y+1,.--»Cn=1,Cl, - - -5 Cn—y> Cn—yu+1) Such that u is covered by
c1. Then, removing ¢,_,+; of n, we can cover n by a copy of ¢;. Hence, we obtain
(Cr—utls---+Cn—1sCls -+ -+ Cn—y, C1). Now shift cyclically the firstn — 1 coinsn —u — 1
times. Thus we reach (¢», ¢3, ..., ca_1, €1, ¢1). Remove the coin ¢; of # — 1 and cover
n — 1 by a copy of ¢,—; of n — 2. In consecutive steps, remove the coin ¢;4( of i and
afterwards move a copy of the coin ¢; of i — 1toi,i = n —2,...,2. Hence, we get
(¢, 2, €3, . .., €41, €1)- Then shift cyclically the first n — 1 coins n — 2 times. Thus we
reach (¢3, cs, ..., ch_1, €2, €1). Now we remove the coin c; of the first vertex and cover it
by a copy of c; of the last vertex. This resultsin (cy, ¢3, - . ., €41, €2, ¢1). Finally, cyclically
shift the first n — 1 coins. This leads to (¢2, c1, ¢3, ..., €n_1, C1).

In formulas, F> = F'F/(F'y""%F] ... F,:_z(F’)"‘““F;’n(FI)“‘I is allowed and

F'F(FY'"2F|-- - F,_y(F'Y™'F, ,(F)*7'(1,...,n)
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= F'F,(F)"*F|---F,_,(FY"™'F, (n—u+1,...,n—1,1,2,...,n —u,
n—-u+1
=F'FJ(F)Y'72F---Fl._,(FY™* ' n—u+1,...,n—1,1,2,...,n—u,1)
=F'F.(FY'2F---F,_,2,3,....,n—1,1,1)
F'F(FY%2,2,3,...,n—1,1)
=F'F/(2,3,....,n—1,2,1)
F'(1,3,...,n—1,2,1)=(2,1,3,...,n = 1,1).

Case2.m <n—1.

Consider the first procedure of our proof resulting in F;. Repeating this procedure
n — 1 times, we obtain the configuration (c3, ¢3, . . ., Cy—2, €u—1, €1, ¢2). Then, removing ¢;
of n, we can cover n by acopy of c;. Afterwards, remove the coinc¢| ofn—1,covern—1bya
copy of ¢,—1 covering n — 2. Hence, we obtain (¢, 3, .. ., Cp—2, Cn—1, Cn—1, C1)- In consec-
utive steps, remove the coin ¢;4; of i and then move a copy of the coin¢; of i —1toi,i = n—
3,...,m+2. Hence, we get (c3,C3, ..., Cm+1> Cm+2s Cmt2s - - - » Cn—1, €1). Now shift cycli-
cally the first m coins u times. Thus wereach (C,,—y42, -+ s Cmt1s €25 €35+« « s Cr—ut15 Cm+2»
Cm425 - - - » Cn—1, €1). Then u is covered by ¢,,+1. Remove ¢;,12 of m+1 and then coverm+1
by acopy of ¢;,41 covering u. Hence we havereached (Cpp—y42, -+ - » Cmt15 €25 C35 -« o s Cm—ut1»
Cm+1s Cm+2s - -+, Cn—1, €1). Shifting the first m coins cyclically m — u times, we obtain
(€2, -+ Cm+1s C+1s Cmt2s - - - » Cn—1, C1). NOW, in consecutive steps, remove the coin ¢;41
of i and afterwards move a copy of the coin ¢; of i — 1 toi,i = m, ..., 2. This results in
(c2. €2, -, Cmy Cut 1, Cmt 2y - - - » Cn—1, €1). Shift cyclically the first m coins m — 1 times,
reaching (¢z, ¢3, ..., €, €2, Ct1s Cm42s - - - » €u—1, €1). Remove the coin ¢, of the first ver-
tex and then cover the first position by a copy of ¢; covering the last vertex. This leads
to (C1,€3, .-, Cms €25 Cmt1> Cm+425 - - - » Cu—1, €1). Finally, shift again cyclically the first m
coins (one time), reaching (¢z, €1, €3, -+ . , Cms Ctls « - - » Cne1s C1)-

Formally, it is easy to check that

Fi=F'F(FY"'F{-- - F_[((FY"™F, i (F)'Fp - Fy_ (F)"!
is allowed and
F'Fy(FY"'F{.-. F,_((FY"™F, i (F)“Fj, - Fo_((F)"'(1,....n)
= F'E)(FY" ™ F} - Fyy ((FY"™F, yy(F)* Fypyy -
F _,(2,3,....,n—2,n~1,1,2)
=F'F,(FY"'F|-- - F),_((FY"™F, , . (F)“(2,3,...,m+1,m +2,
m+2,...,.n—1,1)
=F' F(FY"'F{---F;_((FY"™F, . m—u+2,...,m+1,2,3,...,
m—u+lm+2m+2,....,n—1,1)
=FF(FY''F|---F_(FY"™m—-u+2,....m+1,2,3,....,m—u
+1,m+1,m+2,....,0n—1,1)
=FFF)Y'F...F,_2,....om+1lm+1m+2,....,n-11)
=FFF)(2,2,....mm+1,m+2,...,n—1,1)
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=FF,2,3,....m2m+1,m+2,....,n-1,1)
=F@3,....m2m+1,m+2, ...,n-11
=2,1,3,....mm+1m+2,...,n—-1,1).

This shows that, for either m = n — 1 or m < n — 1, D penultimately realizes y, with

respectto 1, ..., n. Therefore, by Proposition 1.5, we obtain again that D is penultimately
permutation complete with respect to n. By Lemma 2.6, the proof is complete. m]

PENULTIMATELY PERMUTATION COMPLETE DIGRAPH (LEMMA 2.9)

Lemma 2.10. Suppose that a strongly connected digraph D contains a strongly connected
penultimately permutation complete subdigraph D' having at least three vertices. Then D
is also penultimately permutation complete.

Proof. Let D’ = (V', E’) be a maximal (with respect to the inclusion of vertex sets) strongly
connected penultimately permutation complete subdigraph in D. Suppose there exists a
vertex v in D but not in D’. Then there exist a shortest path from v to a vertex ¢g; in 7
and a shortest path from a vertex ¢; in D’ to v. If there exists a vertex u in D but not in
D’ which occurs in both of these paths, then let u be the closest to D’ having this property.
If there does not exist any vertex u having the above property, then we identify u with the
vertex v. If g1 = ¢, then two paths 4 — ¢; and g, — u form a cycle C = (C, E¢) where
distinctness of the vertices follows from minimality. If g; # g3, then in 2’ there is a path
from g; to g, as D’ is strongly connected. Then the three paths u — g1, g1 = g2, and
g» > uformacycleC = (C, E¢).
Let p denote the (only) C-compatible cyclic permutation and consider

vuc,., _ | pla) ifaeC,
P! (“)‘{a ifaeV'\C.

Moreover, for every allowed transformation ¢ with respect to 7’ define

vuc, \ _ | e(a) ifaeV’,
I (“)‘{a ifaeC\ V.

Let v € V’ be an arbitrary vertex of 7. By Lemma 1.8, (Tg vAvy U {p}) =
T, wnwyuc, where Tg ynwy and Tg (vnpwpuc denote the full permutation groups on
V/\ {v'} and (V' \ {v'}) U C, respectively. But all elements of {p|""“C} U {g|V'VC |
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¢ is allowed with respect to D'} are allowed with respect to D’ U C. Thus,

Tg,wnwpuc S {plvnwpuc | 2= P1°** Pms P15 - - - Pm are allowed with
respect to D' UC}.

In other words (by Lemma 2.4), D’UC is penultimately permutation complete with respect to
v’. But then, by Lemma 2.6, the (strongly connected) subdigraph D'UC of Dis penultlmately
permutation complete, a contradiction with the choice of 7.

AN D

TWO PENULTIMATELY PERMUTATION COMPLETE DIGRAPHS

Theorem 2.11. A digraph D with n > 3 vertices is penultimately permutation complete if
and only if it is strongly connected and contains a branch.

Proof. For the necessity, first we suppose that D is not strongly connected. Then there
exists a pair i, j,i # J, of vertices such that there is no walk from i to j. But then
p:{l,....n—1} - {1,...,n — 1} penultimately cannot be realized by D with
respect to P(1),..., P(n) whenever p(j) = i and P is a permutation of the vertices
such that P(n) ¢ {i, j}.

Now we assume that D is strongly connected but it does not have a branch. Then
D consists of a cycle (up to the loop edges). Then for every allowed configuration
transformation F(1,...,n) = (fQ),..., f(n)) we obtain either Fi(1,...,n) =
(,i+1(mod n),...,n,1,...,i—~1(mod n)) (n-cyclic right shift) or a cyclic transforma-
tion applied to an elementary collapsing F(1,...,n)=(1,...,. k- L,k k, k+2,...,n),
forsomek € {1,...,n—1},0or F(1,...,n) = (n,2,...,n—1, n). Therefore, for example,
no transposition can be penultimately realized by D with respect to any vertex 1, ..., n.
Thus D cannot be penultimately permutation complete. This ends the proof of necessity.

For the sufficiency, let us consider a strongly connected digraph D having a branch.
Then it should have two intersecting cycles which form a strongly connected subdigraph
D’ = (V’, E') having a branch. Using Lemma 2.8 or Lemma 2.9 we have that 7’ is
penultimately permutation complete. (In this case it is understood that for every permutation
p:{l.....om=1}>{1,...,m—1}andk; € V' ={k,, ..., k) there exists a product F of
D’“)-compatible mappings having qu, ey km) = (k,,(l), ey kp(,'_l), £, kp(,'), ey kp(m—l))
with£ e V')

If D = T, then we are done with the proof. Otherwise, by the strong connectivity of
D, we can apply Lemma 2.10. The proof is complete. 0O

Remark. Observe that n > 3 is required in Theorem 2.11. The cyclic three-vertex di-
graph contains no branch, but allows F1(1,2,3) = (1,2,2) and F>(1,2,3) = (3,2, 1),
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whose composition penultimately realizes a transposition, showing penultimate permutation
completeness.

Corollary 2.12. Ifa digraph D = (V, E) is strongly connected and contains a branch, then
it is penultimately permutation complete.

Proof. Since D contains a branch, it must have pairwise distinct vertices v, w, w’ with (v, w)
and (v, w’) in E. Thus |V| > 3. If |V| > 3, the result holds by Theorem 2.11. Otherwise
|V| = 3. Inthis case strong connectivity implies that one of the following pairs of edges also
must occur in E: (w, v) and (w’, v); (w, w’) and (w’, v); or (w', w) and (w, v). In every
case there exist distinct x, y € V with (x, y) and (y, x) both in E. Thus D can penultimately
represent a transposition, whence penultimate permutation completeness follows. O

The next statement shows that even if a digraph contains all loop edges, its penul-
timately completeness does not imply that the degree (|V| — 1) symmetric group can be
embedded into its group.

Proposition 2.13. There exists a penultimately complete digraph D = (V, E) such that the
symmetric group of degree (|V| — 1) cannot be embedded isomorphically into G(DY).

Proof. Define D = ({1, 2, 3,4}, {(1,2), (2,4), 4, 1), 4, 3), (3, 2)]). It can be verified by a
straightforward calculation that D is penultimately permutation complete, but this fact can
also be derived from Theorem 2.11 since D is strongly connected and contains a branch.
On the other hand, it is easy to see that every D®-compatible permutation p is even.
Indeed, if p(4) # 4, then p(4) = 1 or p(4) = 3. In the former case, p must be the cycle
(124) Ge., p(1) = 2, p(2) = 4, p(3) = 3, pd) = 1); in the latter, p = (243) (i.e.,
p() =1, p(2) = 4, p(3) = 2, p(4) = 3). Hence the group G(D®) is a subgroup in the
alternating group A,4. The latter group is known to have no six-element subgroups; thus, the
degree-3 symmetric group cannot embed in G(D©). m]

Problem 2.14. The following questions remain open problems:

(1) Characterize all penultimately permutation complete digraphs D = (V, E) for which
the degree (|V| — 1) symmetric group can be embedded isomorphically into G(D®),

PENULTIMATELY PERMUTATION COMPLETE DIGRAPH D WITH FOUR VERTICES BUT WITH NO
EMBEDDING OF THE SYMMETRIC GROUP OF DEGREE 3 INTO THE GROUP G(D*)
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(2) Characterize all digraphs D = (V, E) for which the degree (|V| — 1) symmetric
group can be embedded isomorphically into G(D®).

(3) Characterize all digraphs D = (V, E) for which the degree (V| — 1) symmetric
group can be embedded isomorphically into G (D).

(4) Characterize all digraphs D = (V, E) for which the degree |V | symmetric group can
be embedded isomorphically into G(D®).

(5) Characterize all digraphs D = (V, E) for which the degree |V | symmetric group can
be embedded isomorphically into G(D).

Let D be a digraph. We say that D is isomorphically n-complete if the complete
transformation semigroup on n letters embeds in the transformation semigroup of D. D
is homomorphically n-complete if the full transformation semigroup on n letters divides
transformation semigroup of D. D is n-complete (with respect to its semigroup) if the
symmetric semigroup on n letters divides the semigroup of D.

Now we prove the following statement.

Theorem 2.15. Let D be a digraph containing all loop edges. Suppose that D has a
strongly connected subdigraph with at least n + 1 vertices which contains a branch. Then
D is isomorphically n-complete.

Proof. By hypothesis, D contains a branch in a strongly connected subdigraph D’ = (V’, E’)
with |V'| = m > n + 1 vertices. By Corollary 2.12, 7’ is a penultimately permutation
complete digraph. By definition of branch, there exist pairwise distinct vertices vy, w, and
w’ in V' with (vg, w), (vo, w) € E'inD’.

Now T is also penultimately permutation complete with respect to w € V', In
other words, for every bijection p : V' \ {w} — V’\ {w}, the transformation semigroup
TP = (v', S(D'®)) has an element p' suchthat p'(u) = p(u) forevery u € V' \ {w}.
Now p’ is a product fi o - - o f; of some D'®-compatible maps f; : V' — V. Since
D contains all loop edges, we can extend each f; to a D-compatible map fi:V>Vby
letting f;(v) = f;(v) forallv € V' and f;(v) = vforallv e V\ V. Let = fio---0 fi.
Then p is the identity on V \ V’ but agrees with p’ on V.

By (v, w) € E’ C E, the transformation e : V — V with

_ [vo ifv € {v, w}
e®) {v otherwise

is a D-compatible collapsing that acts as the identity on V \ V’. Then p” = e is also an
element of S(D) such that

p(vo) ifv=w,
P’ ={pr) ifveV \{w}
v otherwise.

In addition, if g : V’'\ {w} — V’\{w} is another arbitrary bijection, we have corresponding
q : V' — and g in S(D®) constructed as for p. Thus §(u) = g(u) foru € V' \ {w},
q(vg) = q(w), and § acts as the identity on V \ V'. Then we have for p” = ep andq¢” = eq
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that

pqv) ifveV \{w)

pq(v) ifv=w,
/l Il(v)
v otherwise.

Let P be the set of all functions p” : V — V with

p(v) ifv=w,
P = { p(v) ifve V' \{w}

v otherwise

such that p : V' \ {w} — V’\ {w} is a bijection. We have P C S(D).

Now, for p”,q" € P, if p”"(v) = ¢”(v) holds for all v € V' \ {w}, then p” = q”
on all of V. Thus P acts faithfully on V' \ {w}. It follows that (V' \ {w}, P) and (V’, P)
are isomorphically embedded in 7(D) = (V, S(D)). Clearly, then, the former (but not
the latter) is a permutation group isomorphic to the complete permutation group of degree
v'i-n.

Then, since (vg, w’) and (v, w) arein E’, themap e’ : V — V is also a D-compatible

when
vo ifv=w,
e = {vo ifv=uw,
v otherwise.

Now é'|y : V' — V' is also D’©-compatible and ¢’ [v\{w} 15 an elementary collapsing on
V' \ {w}.

Let S = (P U{¢'}). Forevery f, g € §, itis clear that fg(w) = fg(vg) and fg acts
as the identity on V' \ V'. Also, if f(v) = g(v) forallv € V \ {w}, then f = gonallof V.
Thus S acts faithfully on V' \ {w}, so (V'\ {w}, S) is a transformation semigroup containing
all permutations of its states and an elementary collapsing. It follows by Proposition 1.5
that (V' \ {w}, §) is isomorphic to the degree (|V’| — 1) complete transformation semi-
group. Thus the degree (m — 1) full transformation semigroup is isomorphically embedded
in (V, S(D)); i.e., D is isomorphically (m — 1)-complete and hence also 1somorph1¢ally
n-complete.

Let D be a digraph. We say that D is isomorphically group n-complete if the com-
plete permutation group on n letters embeds into the transformation semigroup of D. D is
homomorphically group n-complete if the full permutation group on n letters divides the
transformation semigroup of D. D is group n-complete (with respect to its semigroup) if
the symmetric group on n letters divides the semigroup of D.

Of course, we have the following consequence of Theorem 2.15.

Theorem 2.16. Let D be a digraph containing all loop edges. Suppose that D has a
strongly connected subdigraph with at least n + 1 vertices which contains a branch. Then
D is isomorphically group n-complete. O

Lemma 2.17. Let £ = (V, E) be a digraph, possibly not containing some loop edges.
Suppose no strongly connected subdigraph of £ contains a branch. If G is a group and
G < S(E), then G is abelian.
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Proof. If a nontrivial group G divides S(E), then, by Proposition 1.11, S(£) has a subgroup
G mapping homomorphically onto G and G acts faithfully by permutations on some subset
Z C V. Now consider h € G; his a product h = fj... fx of E-compatible maps
fi: V> V(1 <i<K)forsome K > 1. Since 4 permutes Z, each of the sets h*(Z) = Z
for all £ > 0, and, moreover, every ¢ f, - - - f;(Z) has |Z| elements forall 1 <i < K. Let
Jfi denote fimod k), also fori > K.

Suppose G is not abelian; then neither is G. Thus there are hy, hy € G with b, #
hahy. Since G acts faithfully, there exists v; € Z with vy - hihy # vy - hohy. Since by
and h; are products of compatible maps, it follows that there is a path from v, to v - & to
vy - 1Ay and from vy to vy - Ay to vy - A1hy in €. Since G acts by permutations there are
also paths back so all the vertices mentioned lie within a strongly connected subdigraph D
of £. We may assume D is maximal with respect to inclusion of vertices. By hypothesis, D
has no branch. Then strong connectedness implies that necessarily D = (V’, E’) is a cycle
graph possibly with some loop edges. We may write its vertices as {vy, ..., vy} and its
edges as {(Vi, Vi+1mod|vp) | 1 < i < |V’|} plus zero or more loop edges (v;, v;).

Let Z = Z N V', Suppose, for a contradiction, that v = f - -- f; (') lies outside
of D for some 7z’ € Z’, i > 1; then, since D is a maximal strongly connected subdigraph
and fi,1, ..., fv are E-compatible, so does fi - - - fi fiy1 - -+ fn () = VX (') for every
N > i which is a multiple of K. It follows that z' = (h"/X)U () lies outside D, when U is
the order of the mapping #"/X as a permutation of Z. This contradicts z’ € Z'. Therefore,
each fi--- f;, i > 1, maps V' to V’. In particular, every k € G acts as a permutation of
Z'c Z Letv,..., Vi, withl <ij <.+ <ijzy < |V’| denote all the distinct elements
of Z’'. Observe that Z’ is cyclically ordered in this way according to the structure of D’ by
defining the relation v;, < v;,, ..., forall1 < j <|Z’|. (Similarly, any subset of V' has
a unique cyclic ordering structure arising from the structure of D.)

As before, since i permutes Z’, each of the sets h*(Z") = Z’ for all £ > 0, and,
moreover, every fi--- f;(Z’) has cardinality |Z’|. Thus, each f;--- f; (i > 0) restricted
to Z’ is bijective. Since f;;1 is compatible, it follows that f;;; preserves cyclic ordering
among the members of f; - - - f;(Z)’ (without any collapsing). Thush = f - - - fx restricted
to Z' is a power of the cyclic permutation c(v;;) = Uiz 1 < 7 = |Z’|. Thus
h1hy(v1) = hahy(vy) since by and h; restricted to Z’ are powers of ¢, a contradiction. Thus
G is abelian. o

It is clear that isomorphic n-completeness implies homomorphic n-completeness,
which leads to n-completeness with respect to the semigroup of the digraph. Similar
to the general cases, isomorphic group n-completeness implies homomorphic group »n-
completeness, which implies group n-completeness with respect to the semigroup of the
digraph.

Problem 2.18. It is an open problem to characterize the six types of complete digraphs
defined above (isomorphically n-complete, homomorphically n-complete, n-complete, iso-
morphically group n-complete, homomorphically group n-complete, group n-complete) for
digraphs not necessarily containing all loop edges. It is also remains an open problem to
determine which of these concepts are equivalent.

We extend these concepts of digraph completeness to classes of digraphs as fol-
lows. Let I' be a nonempty class of digraphs. Consider the following definitions. T’ is
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isomorphically complete if every transformation semigroup can be embedded in the trans-
formation semigroup of a digraph in I'. I" is homomorphically complete if every transfor-
mation semigroup divides the transformation semigroup of a digraph in I'. T is complete
if every finite semigroup divides the semigroup of a digraph in I'". Similarly, I" is isomor-
phically group complete if every permutation group can be embedded in the transformation
semigroup of a digraph in I". I' is homomorphically group complete if every permutation
group divides the transformation semigroup of a digraph in I'. Finally, I" is group complete
if every finite group divides the semigroup of a digraph in I".

Obviously, we also have for digraph classes that isomorphic completeness implies
homomorphic completeness, which implies completeness (with respect to the semigroup
of the digraph). Similar to the general cases, isomorphic group completeness implies
homomorphic group completeness, which implies group completeness (with respect to the
semigroup of the digraph).

Now we characterize these digraph classes provided that all of their members contain
all loop edges.

Corollary 2.19. Let I' be a nonempty class of digraphs containing all loop edges. The
Jollowing conditions are equivalent:

(1) T is isomorphically group complete.

(2) T is homomorphically group complete.

(3) T is group complete.

(4) For every positive integer n there is a digraph in T which has a strongly connected
subdigraph of order at least n and contains a branch.

Corollary 2.20. Let " be a nonempty class of digraphs containing all loop edges. The
following conditions are equivalent:

(1a) T is isomorphically complete.

(2a) I' is homomorphically complete.

(3a) T is complete.

(4a) For every positive integer n there is a digraph in T’ which has a strongly connected
subdigraph of order at least n and contains a branch.

STRONGLY CONNECTED DIGRAPH WITH ALL LOOP EDGES CONTAINING A BRANCH
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Note that D = D©® holds for every D € T'. Therefore, we could also consider D
instead of D® in the proofs of Corollaries 2.19 and 2.20 given below.

Proof of Corollary 2.19. First we prove that (4) implies (1). Indeed, by (4) for every positive
integer n, there exist a positive integer m > n and a digraph in I" having a strongly connected
subdigraph D = (V, E) of order m containing all loop edges and a branch. Corollary 2.12
implies that this subdigraph is penultimately permutation complete. Therefore, by Theorem
2.16, the degree (m — 1) full permutation group can be embedded isomorphically in S(D%).
(See also Corollary 1.13.) Clearly then for every 1 < k < m, the degree- full permutation
group can be embedded in the transformation semigroup of D®. (1) immediately implies (2),
and (2) immediately implies (3). To end our proof we show that (3) implies (4). Consider the
full symmetric group Sy of degree k foreach & > 0. By hypothesis, Sy divides the semigroup
of some digraph & in I'. Suppose the contrary of (4) and assume that there exists a positive
integer N such that for every strongly connected subdigraph D = (V, E) of an arbitrary
digraph in £, either |V| < N or D does not have branch. Consider ¥ = max(5, N). Then
the alternating group A is well known to be a nonabelian simple subgroup of Si for k£ > 5.
(See Theorem 1.4.) If |V| < N, then A, does not divide S(D); indeed, every subgroup of
S(D) must obviously be a divisor of S|y, but the cardinality of A;!! is 4, which exceeds the
cardinality (|V[!) of S}v| since £ > N > [V|. On the other hand, if D is strongly connected
but has no branch, then, by Lemma 2.17, the fact that A is nonabelian shows that A; cannot
divide S(D). For every maximal strongly connected subdigraph D of &, one or the other
case applies, so A; does not divide S(D). Since §; divides S(&), so does A, and then, by
Proposition 1.11, a subgroup G of S(&) acts by permutations on a subset Z C E and maps
onto Ag. Then, since G cannot map nodes in Z between strongly connected components,
we have that G is isomorphic to a divisor of S(D;) x - - - x S(Dy,), where Dy, ..., D, are
the maximal strongly connected subdigraphs of &. Since A; is simple and divides G, it
must divide some S(D;),!? a contradiction. This proves (4) follows from (3).

Proof of Corollary 2.20. It is enough to prove that (4) (i.e., (4a)) implies (1a). But this
statement coincides with Theorem 2.15.

Since condition (4) of Corollary 2.20 coincides with condition (4a) of Corollary 2.19,
we have the following.

Corollary 2.21. For a class T" of digraphs that contain all loop edges, the following are
equivalent: isomorphic completeness, homomorphic completeness, completeness, group
isomorphic completeness, group homomorphic completeness, and group completeness.

We finish this section with the following questions.

Problem 2.22. The following questions remain open if we consider classes of digraphs not
necessarily having all loop edges:

(1) Characterize the isomorphically group complete, homomorphically group complete,
and group complete digraph classes. Decide whether the three concepts coincide.

11t s a routine work to show that |Sg| = k!(=k-(k—1)-...-2-1) and |Ax| = %’
12we will see in Lemma 3.6 that a finite simple group that divides a direct product of finite semigroups must
divide one of the factors.
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(2) Characterize the isomorphically complete, homomorphically complete, and complete
digraph classes. Decide whether the three concepts coincide.

The considerations of this section can be generalized by allowing more general types
of compatible transformation and different nodes to have different types of contents and
computing capacity. This leads to the notion of automata networks introduced in the next
section. By considering digraphs in which the contents at each node must be a member of
the same fixed finite set of possible contents and more general kinds of compatible mapping,
one obtains the notion of a state-homogeneous automata network. Their power of simulation
under projection is closely related to the notions of completeness that have been studied in
this section and will be developed in Section 2.1.

2.2 Automata and Automaton Mappings

By an automaton A = (A, X, §) we mean a finite automaton without outputs. Here A is
the (finite nonempty) state set, X is the input alphabet,and § : A x X — A is the transition
Junction. We also use § in an extended sense, i.e., as a mapping §* : A x X* — A, where
8§*(a,A) = a (a € A) and 8*(a, px) = §(6*(a, p),x) (@ € A, p € X*,x € X). In what
follows, we shall simply write 8 for §*. The digraph D(A) = (V, E) of the automaton A is
defined as V = A and E = {(a, b) | there exists x € X : §(a, x) = b}.

Let A = (A, X, 8) be an automaton.

A is trivial if A is a singleton.

A is discrete if for every paira € A, x € X we have §(a, x) = a.

A is monotone if there is a partial ordering < on A such that a < §(a, x) for each
ac€ A xeX.

If for every triplet a € A, x,y € X the equality §(a, x) = &(a, y) holds, then we
speak about an autonomous automaton.

A is a reset automaton if for all x € X, the set {8(a, x) | a € A} is a singleton.

If every transformation 8, : a — 8(a,x) (@ € A, x € X) is a one-to-one mapping
of A onto itself, then it is said that A is a permutation automaton. If every transformation
3, is either a constant map or a permutation, then A is a permutation-reset automaton. If
every transformation &, is either a constant map or the identity permutation, then A is an
identity-reset automaton.

A can be generated by the subset B of its states if for every a € A there are b € B
and p € X* fulfilling (b, p) = a. Then B is a set of generators in A.

A is connected if it can be generated by one of its states. In other words, .A is connected
if it has a state a such that for every state b there exists an input word p having 6 (¢, p) = b.
Then we also say that A is connected for the state a.

A is said to be strongly connected if it can be generated by each of its states. In other
words, A is strongly connected if for every pair a, b € A of states there is a word p € X*
with 6(a, p) = b.

A is an n-degree weakly nilpotent automaton (or, in short, a weakly nilpotent automa-
ton) if it has a state a € A, called dead state, such that for every pair b € A, x € X and
positive integer m > n, 8(b, x™) = a. A is n-degree nilpotent (or, in short, nilpotent) if
it has a state a € A, called dead state, such that for every pair b € A, p € X*, |p| > n,
8(b, p) =a.
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A is directable if there are a state ¢ € A and an input word p € X* such that
3(b, p) = a holds forevery b € A.

For an integer k > 0, the automaton .A is called weakly k-definite if §(a, p) = 6(b, p)
holds for every a,b € A, p € X*, |p| = k. Moreover, it is said that A is definite if it is
weakly k-definite for some integer £ > 0.

Forany integer k > 0, the automaton A is called weakly reverse k-definiteif 6 (a, px) =
8(a, p)isvalidforalla € A, p € X*, |p| =k, x € X. Alis reverse definite if it is weakly
reverse k-definite for some k > 0.

For any pair of integers h, k > 0, the automaton .4 is called weakly (h, k)-definite if
8(a,upv) = 8(a,uv) is valid for all a € A, p,u,v € X*, |u| = h, |v|] = k. It is worthy
of note that for every pair of integers #’ > h, k¥’ > k, the automaton A is weakly (#', k')-
definite if it is weakly (h, k)-definite. We say that A is generalized definite if it is weakly
(h, k)-definite for some integers h, k > 0.

In addition, .A is called commutative if for any state a € A and input words p, g € X*,
8(a, pq) = é(a, qp).

We refer to the automaton & = ({0, 1}, {x1, x2}, 8s,), 8¢,(0, x1) = 0, 8¢,(0, x2) =
8g,(1, x1) = 8g,(1, x2) = 1 as the (two-state) elevator.

x1 X1, X2

(1)
ELEVATOR &,

A counter of length n > 1 is an automaton with exactly one input letter C, =
({1,...,n}, {x}, 8¢c,) with 8¢, (i,x) = i+ 1(modn), so that (3c,), induces a cyclic
permutation of the state set. A counter of length n > 1 is also called a modulo n counter.

A counter with identity of length n > 1 is an automaton C,f = ({1,...,n}, {x, ¥},
8¢r) withd¢1 (i, x) =i + 1 (mod n), and 8¢c: (i, y) = i,i = 1, ..., n. A counter with identity
of length # is also called a modulo n counter with identity.

COUNTER Cs AND COUNTER WITH IDENTITY C]
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The two-state reset automaton Ay = ({ay, @2}, {x1, 2}, 8o) is defined by &y (a;, x;) =
a; for i, j = 1, 2. Finally, the two-state identity-reset automaton (also called the flip-flop
automaton) Aé = ({a:, a2}, {x0, x1, X2}, 8&) is defined by

1, ._ Ja ifj=0,
30(“"x1)‘{a,~ if 7 #0.

x1 X2 X0, X1 Xg, X2

TWO-STATE RESET AUTOMATON Ay AND FLIP-FLOP AUTOMATON .A(I,

Take an arbitrary automaton. A = (A, X, §).A sequenceay, . . ., a, of pairwise distinct
states of .4 is a cycle if there are input signs xy, ..., x, such that 8(a;, x;) = @1 1(modn) for
every i € {1, ..., n}. Then the positive integer n is the length of the cycle.

The following statement is obvious.

Proposition 2.23. An automaton is nilpotent if and only if it has both of the following
conditions:

(1) It has only one cycle.
(2) Its cycle is trivial (having only one element). O

Each automaton can be considered as an algebra with unary operational symbols
(corresponding to each input letter), or, alternatively, as an algebra with two sorts—states
and input letters—and one binary operation—the transition function taking a state and
a letter to a new state. Therefore, notions such as subautomaton, homomorphism, and
isomorphism can be defined in the natural way. Thus A’ = (A’, X’, §') is a subautomaton
of the automaton A = (A, X, 8) if A’ € A, X’ C X and &' is the restriction of § to A’ x X’
(so that 8’(a’, x") € A’ for any @’ € A’ and x’ € X'). In particular, if A’ = Aor X’ = X,
then we speak about an input-subautomaton or a state-subautomaton, respectively. A pair
¥ = (Y1, ¥2) of surjective mappings ¥y : A — A,y : X — X' is a homomorphism of
A= (A, X,8onto A = (A, X, 8&)if foreverya € A, x € X, one has ¥,(8(a, x)) =
8 (Y1 (a), ¥a(x)). If ¢r) and ¢, are bijective functions, then A is said to be isomorphic to
A’. In particular, if X = X’ and y, is the identity, then sometimes we will also refer to
Y as a state-homomorphism (or a state-isomorphism) or, in short, as a homomorphism (or
an isomorphism). In addition, if A = A’ and Yy : A — A’ is the identity mapping, then
sometimes we will refer to v, as an input-homomorphism (or an input isomorphism). If A
has a subautomaton which can be mapped homomorphically by (¥, ¥) onto 4’, then we
say that A homomorphically represents A’ (under (1, ¥2)). If Aisomorphically represents
A’ (i.e., A has a subautomaton which can be mapped isomorphically onto .A"), then we also
say that A’ can be embedded isomorphically into 4.
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Proposition 2.24. Suppose that an automaton A has a homomorphism onto the strongly
connected automaton B. If A is minimal in the sense that B is not a homomorphic image
of a proper state-subautomaton of A, then A is also strongly connected.

Proof. Suppose, for a contradiction, that 4 = (A, X 4, §,4) is minimal in the above sense
but not strongly connected. Then there exists a pair a, b € A of distinct states such that
b¢{dala,p)|lpeXy) Lety = (Y, ¥2) withyy : A > B, Y2 : X4 —> Xpbe
a homomorphism of .4 onto the (strongly connected) automaton B = (B, Xg, ). Since
B is strongly connected, for every a’, b’ € B there exists a p’ € X with 6g(a’, p') =
Y. Thus, for every a’ € B, {8g(a’, p’) | p' € X3} = B. Consider the state b € A
with b ¢ {8a(a,p) | p € X%}. We have {8g(¥1(a), p’) | p' € X3} = B. Hence
{¥1(3ala, p)) | p € X%) = B. Therefore, ' = (], ¥3) With ¥ lis sa.pipexz)s W3 = ¥
is a homomorphism of the state-subautomaton .A, of A generated by the state 2 € A. But
A, is a proper subautomaton of .4, a contradiction. O

Observe that the above proof also works if we assume X 4 = Xpg and v is the identity.
In particular, we have the following.

Proposition 2.25. Suppose that an automaton A has a state-homomorphism onto the
strongly connected automaton B. If A is minimal in the sense that B is not a state-
homomorphic image of a proper state-subautomaton of A, then A is also strongly
connected. O

The next statement is evident.

Proposition 2.26. Given an automaton A = (A, X, 8), let a € A be a state such that it is
not a state of any strongly connected state-subautomaton of A. Then b € A also has this
property whenever §(b, p) = a holds for some p € X*. O

Take automata A; = (A;, X;,6;),i = 1,...,n.Thedirect product B = A; x---x A,
of automata A,, ..., A, is defined to be the automaton B = (B, ¥, ), where B = A; x
- X Ap,Y = Xy x - x X, and 85((ay, ..., an), (x1,..., %)) = (81{ay, x1),--.,
Sn(@n, x3)), (@1, ...,a,) € B, (x1,...,x,) € Y. If X; = ... = X, then restricting to
the input set in which all letters in the input n-tuple are equal, we have the subautomaton
B = AjA .- AA,, the diagonal product of Ay, ..., A, Whose input alphabet we may
naturally identify with X. If A; = --- = A,, then B is called the nth direct power A" =
(A", X", ™) of A and B is called the nth diagonal power A>" of A.
We shall use the following proposition.

Proposition 2.27. Every directable automaton can be represented homomorphically by a
diagonal product of its connected state-subautomata.

Proof. Let A = (A, X, 8) be an arbitrary directable automaton with an appropriate pair
d € A,r € X such that 8(b,r) = d holds for every b € A. Consider its state set
A = {aj,...,a,} and let a subset B = {b;,...,b,} of A be a set of generators in
A. In other words, suppose that {8(b,p) | b € B,p € X*} = A. Let A, denote
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the state-subautomaton of A generated by the state a € A. Consider a diagonal prod-
uct M = Ap A---AA, A(Ag A---AA, ), where (Ag A --- AA,,)" denotes the nth
diagonal power of the diagonal product A; A .- AA, . Consider the following subset

of the set of states of M. H = {b1,...,bu, Q1,15 .., 1y v s Qn1s- s nm) | Q11 =

= A = = aj—l.l = ... = a] Lm = a1+11 = e = a]+1m = ee. =
Al = o0 = Gum = d,{aj1,...,8;n) = A, j = 1,.--,n}. Clearly then for every
b1y sbnGity e s Ay o3 Qs e Onm) € HandpeX* there are two possibilities:

either all components of (§(by, p), ..., 8(by, p), 8(a1.1, P), ..., 8(an m. p)) are the same or
there exists exactly one i € {1, ..., n} such that é(a; ;, p) # 8(a;«, p) holds for some 1 <
J < k < m. Therefore, it is clear that the following mapping ¥ : {(§(b1, p), ..., 8(bs, P),
a1, p)e . 8@um, P | b1, ....bu, 011, ... 8nm) € H, p € X*} — B is well de-
fined and it is a state-homomorphism of a state-subautomaton of M onto A:

W(s(blv P), ey a(bm P)’ 3(“1,1; p)v ey s(an,mi P))

_ a(blv P) ifa(blv P) == 6(bn5 P) = 8(01,15 P) == 8(an,m7 P),
" | 8, p) ifa;;#axholdsforsomel <i<n,1<j<k=<m. O

Proposition 2.28. Let A = (A, X, 8) and B = (B, X, §’) be arbitrary automata having
the same input set. Suppose that A has two (distinct) states a, b € A such that 8(a, p) #
8(b, p), p € X*. Then B can be represented homomorphically by a diagonal product of its
connected state-subautomata and the automaton A.

Progof. The proof is similar to the proof of the above statement. Consider a set B’ =
{b1, ..., by} of generators in B. In other words, suppose that {§(b, p) |be B, p € X*} =
B. Let B, again denote the state-subautomaton of B generated by the state
b € B. Consider a diagonal product M = By A---ABy, AA? where A" denotes
the 2nth diagonal power of .A. Consider the following subset of the set of states of M.

H=({b,....bp,011,8012,...,001,002) | Q1,1 = @12 = -+ = Gj1,1 = Aj_12 =
iyl = Aj41,2 = =+ = Gp| = Gn2 = @, 451 = a,a;2 = b, j =1,...,n}. Clearly
then for every (b1, ....bp, 411,812, -, 00,1, dn2) € H and p € X*, there exists exactly

onei € {1,...,n}such that 6(a; 1, p) # 8(a;2, p). Therefore, it is clear that the mapping
‘/f : {(al(bl’ P),---’(s/(bm P),s(al,l, P):""a(an,Z: P)) | (blv-"’bn,al,lv---,an,2) €
H, p € X*} — B is well defined and it is a state-homomorphism of a state-subautomaton
of Monto B : ¢ (8 (b1, p), ..., 8 (ba, P), 8(a1,1, P), - .., 8(an2, p)) = & (b;, p) whenever
8(ai1, p) # 6(ai2, p) forsomei € {1,...,n}. 0

Now we turn to the automaton mappings. Given a pair of (not necessarily finite)
nonempty sets X, Y, we say that ¢ : X* — Y™ is an automaton mapping if it preserves
the length of the words, and, moreover, an arbitrary initial part of a word is sent by ¢ into
an initial part of the image. For example, if A = (A, X, §) is an automaton, fix a € A;
then we have an automaton mapping ¢, : X* — A* defined inductively by ¢,(A) = A, and
@a(px) = @,(p)o(a, px) (x € X, p € X*). Then ¢,(p) records the trajectory of a in A as
the successive letters of the word p are input.

Take an element p of X*. Let ¢, denote a mapping ¢ — ¢,(gq) (¢ € X*) having
v(pq) = ¢(P)ps(q). It is easy to show that ¢, is an automaton mapping. We say that ¢,
is a state of ¢. (Note that ¢ is a state of itself, namely, ¢ = @;.)
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If X and {¢, | p € X*} are finite sets, then we speak of a finite automaton mapping.
Then A, = ({g, : p € X*}, X, 6,) forms an automaton with 8,(¢p, X) = @px (¢p €
{pp : p € X*},x € X) and then forevery p € X*,x1,..., x5 € X, @p(x1---%) =
©p(X1)Ppx, (*2) * + - Ppx,-.xy, (X1). Conversely, given an automaton A = (A, X, §), a non-
empty finite set Y, let us consider arbitrary mappings ¢, : X — Y for every a € A. More-
over, let ap be an arbitrary fixed element of A. Clearly then the mapping ¢ : X* — Y*isan
automaton mapping whenever p(A) = A and @(x1x2 - - Xe) = @0 (1), (2) *+* Pay_, (50,
a; =8(a,~_1,x,-),i € {1, v k— 1} (xl, Lo Xg € X)

An automaton transformation is an automaton mapping of the form ¢ : X* — X*,
where X is a (not necessarily finite) nonempty set. By an easy proof we have that the set Ky
of all automaton transformations over X* forms a semigroup under the usual composition of
mappings as multiplication. It is also known that the set Ay of all bijective transformations
in Kx is a subgroup of the semigroup Kx. In addition, the set Lx of all finite automaton
transformations in Ky is a subsemigroup of Ky, and, moreover, the set Gx of all finite
bijective automaton transformations in Ky is a subgroup of Ay, Kx, and L.

The following statement is obvious.

Lemma 2.29. Forany ¢ = pWe®, oW, P € Ky, there existaword p € X* and distinct
letters x1, x; € X with ¢,(x1) = @p(x2) if and only if there exist an i € .{1, 2}, a word
q € X* of length |p|, and distinct letters y\, y, € X such that ¢’ (y1) = ¢ (). m)

Using this statement, we get a simple proof of the following.
Theorem 2.30. Neither Kx nor Lx has a basis if X is not a singleton.

Proof. Let X be a set having at least two elements. Given a nonnegative integer m, let XK, x
and L, x denote the subsets of Ky and Lx such that forevery ¢ € Knx ULnx,p €
X*, and distinct x;, x2 € X, @,(x1) # @p(x2) whenever |p| # m. Moreover, let Ky =
Uree Kix and LYy = |Ji2, Li x. Consider a fixed letter x € X and the mapping ¥ € Lx
for which ¥,(y) = x, p € X*, y € X. Let K and L denote generating systems of Ky and
Ly, respectively. It is enough to prove that K is not a basis of Ky and L is not a basis
of Lx.

It is clear that ¥ # ¥ ...4® on the condition that ¢, ..., ™ € K} (or
Yy, ¥™ e LY). Therefore, K ¢ K% and L € LY. In other words, there exist
o € K and B € L, nonnegative integers ky, ky, £1, €2 with k; < kp, €1 < {2, words
P1: P2, 91,92 € X* with |p;| = ki, lqi| = £;,i = 1,2, and letters x; j, y;,; € X,i,] =
1,2, with x;1 # Xi2,¥i1 # Yi2, i = 1,2 such that ap, (xi1) = &, (xi2),i = 1,2, and
B i) = By (3i2), i = 1, 2, Now we define the following mappings:

, = if |r| < |p2l,
o (x) = [ar (x) otherwise,

" _Joa(x) if{r| < |pal,
@, (x) = [ X otherwise,

reey 1% if |r] < lga2l,
Brx) = [ B-(x) otherwise,
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ney — [Brx) if|r] <lq2l,
Br(x) = [x otherwise.
By Lemma 2.29 it is clear that for any u,v € Ky, pav ¢ {o',a”}, and ufv ¢
{B’, B”}. Therefore K \ {a} generates &’ and a”, and L \ {8} generates 8’ and 8”. On the
other hand, we have @ = o«’a” and 8 = B'B8". Thus K \ {a} generates Kx and L \ {8}
generates Ly. Therefore, K is not a basis of Kx and L is not a basis of Ly. This ends the
proof. a

The next question remains an open problem.

Problem 2.31. Do the group of all bijective automaton transformations and the group of all
finite bijective automaton transformations over a fixed alphabet with at least two elements
have any basis?

Now we ask the following question, although it likely is hopeless to determine the
COITECt ansSwer.

Problem 2.32. Is it decidable for every alphabet X with |X| > 2 and g, (pm, R go(") €
Ly, whether or not ¢ = ¢V .. y® for some ¢, ..., v e (oW, ..., o™)}? Is this
problem decidable provided ¢, ¢V, ..., ™ € Gx?

Finally, we remark that Lemma 2.29 and the proof of Theorem 2.30 remain valid if
K x denotes the semigroup of all surjective automaton transformations and Ly denotes the
semigroup of all surjective automaton transformations with finite number of states over an
infinite set X.

2.3 Automata and Semigroups

Given an automaton A = (A, X, 8), let us consider for every p € X* the transition
8y : A — A induced by the word p as defined by 8,(a) = §(a, p) for a € A. For a given
word p € X*, the transition induced by p is the function §, : A — A that takes any state
a € Ato é(a, p). We sometimes also say that the word p represents the transition §, and
8, is the transformation of A corresponding to the word p. The characteristic semigroup
of Ais S(A) = {8, | p € X}, where for every 8,, 8§, € S(A), 8,8, = 8,,; moreover, it is
understood that §, = §, if and only if §(a, p) = d(a, ¢) holds for every a € A. Sometimes
we shall write 8(a, p)asa- p. Thenwehave (a-p)-q =a-(pqg)foralla € A, p,q € X*.
The set of all these mappings forms a monoid (i.e., a semigroup having identity element)
S1(A) under composition as product operation and is called the characteristic monoid of
A. (Of course, the identity element of this monoid is §;, where A € X* is the empty word.)
If S1(A) is a group, then .A is called a permutation automaton. A permutation automaton
is said to be trivial if its characteristic monoid is a singleton. Consider a semigroup S. If
S has no identity element, then let S* denote the semigroup with §* = S U {1}, where A is
an arbitrary symbol with A ¢ §; moreover, the product operation in § is extended to S$* by
As = sk = s (s € §) and AL = A. If S has identity element (i.e., if § is monoid), then let
S* = §. In short, S* denotes the least monoid containing S as a subsemigroup.

A caveat: (1) Easily constructed examples show that it is possible for S(A4) to be
a group even when A is not a permutation automaton. (2) It may happen that S;(A) #
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(S(A))*. For example, this occurs in all cases where S(A) is a group but A is not a
permutation automaton.

Example 2.33. The automaton A = ({0, 1}, {x}, 8) with (0, x) = 5(1, x) = O is a trivial
example such that S(A) is a group but A is not a permutation automaton.

X

(O——)
AUTOMATON WHICH IS NOT A PERMUTATION AUTOMATON
BUT WHOSE TRANSFORMATION SEMIGROUP IS A GROUP

Proposition 2.34. Let A = (A, X, 8) be an automaton and let F = {e, 21, 2} be a monoid
having two right zero elements with identity e and distinct right zeros 21, 22. Moreover, let
F = {z1, 22} be a semigroup with two right zero elements.

(1) F is isomorphic to a submonoid of S(A) if and only if there are states ay, a; € A and
nonempty words pg, p1, p2 € X such that 5(a;, py) = a; and 8(a;, pjy=aj,i, j€
{1,2}.

(2) F' is isomorphic to a subsemigroup of S(A) if and only if there are states a;, a; € A
and nonempty words py, p, € X* such that 8(a;, p;) = a;,i, j € {1,2}.

f41 ) 2] Do, P1 Do, P2
(L » () () »

p2 P2

Proof. The sufficiency of (1) and (2) is clear. As regards necessity, first we consider an
automaton 4 = (A, X, §) such that S(4) has a submonoid to be isomorphic to F. Then
there are input words py, p1, p» € X, a subset B of the state set A such that §' =
{8po|B+ 85,18, 8p, |8} is an isomorphic monoid to F. Consider the isomorphism ¢ : F — §’
and assume that, say, p(e) = 8y, (5. P(@1) = 8p, 15, 9(22) = 8,15 Then (8,,15)Bpo5) =
8 p, | » implies that 8, (a) = a holds for every a € B. By 8, | # 8p,|5, we obtain that there
exists an ap € B such that 8, (ap) # 8,,(a0). Put a1 = 8, (a0), @2 = &,,(ap). (Note that
ay € {a1, a2} are possible.) Then (8,,|5)(6,,18) = 85,18 implies 8, (a;) = 8, (a2) = ay,
and, similarly, (8,,|3)(8p,|8) = 8p,|p implies 8,,(a;) = 8;,(a2) = az. Then we have two
states a;, a satisfying condition (1). This completes the proof of necessity of (1).

Now we assume that S(.4) has a subsemigroup to be isomorphic to F'. Then there
are input words p;, p» € X*, a subset B of the state set A such that S’ = {3, {5, 8,5}
is an isomorphic semigroup to F’. Using a treatment for 8,, |z, 6p,|p as before, we obtain
condition (2). This ends the proof. O
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Proposition 2.35. Let A = (A, X, &) be an automaton and let M be a submonoid of S(A)
or S1(A). There exists a nonempty set B C A with the following properties:

(1) The elements of M map B into itself.
(2) The restriction of the identity of M to B is the identical mapping ¢|p : B — B.
(3) If my and my are distinct elements of M, then m1(b) # ma(b) for at least one b € B.

Proof. Set B = {e(a) : a € A}, where e denotes the identity of M. First we observe
that whenever we have e(a) = b for some a, b € A, the equality ee = e implies e(b) =
e(e(a)) = e(a) = b. Thus e(b) = b holds for every b € B, in accordance with (2). On
the other hand, for every m € M, we have m = em. Therefore, by m = em and e(a) €
B,a € A, we get m(b) = (em)(b) = e(m(b)) € B, b € B. Hence, we obtain (1). Finally,
let m; and m; be two elements of M such that m(b) = m,(b) for every b € B. Of course,
we have m; = mje,my = mye with e(a) € B,a € A. But then, for every a € A,
my(a) = (mie)(a) = my(e(a)) = my(e(a)) = (mze)(a) = my(a). This implies m; = m,.
Therefore, if m; and m, are two distinct elements of M, then we should have (3). O

We also prove the following consequence of the above statement.

Proposition 2.36. Let A = (A, X, §) be an automaton and M be a submonoid of S(A) or
S1(A). There exists a nonempty set B C A with the following properties:

(1) Themapp : M — {8,|p : 8, € M, p € Xt} witho(8,) =8,|5,8, e M,p € X" is
a monoid isomorphism.

(2) If M is a group then every restriction 8,|5,8, € M, p € X is a permutation of B;
i.e., the monoid {8,|g : 8, € M, p € X%} is a permutation group over B.

Proof. Consider an automaton A = (A, X, ) and let M be a submonoid of S(A) or S;(A).
Then A has a subset B having the properties of Proposition 2.35.

First we show (2). By conditions (1) and (2) of Proposition 2.35, M’ = {8,|z : 8, €
M, p € X} is a monoid such that the restriction of the identity e of M to B is the identical
mapping ¢|g : B — B. Then e|3 is the identity element of M’. On the other hand, for every
pair f|z, glz € M’, the mapping f|zg|s is a permutation of B if and only if both mappings
f | and g|p have this property. In addition, f|z(b), g|g(b), (fg)|s(b) € B, b € B implies
flegls = (fg)|. Therefore, if g is the inverse of f in M, then f|zg|z = e|p, i.e., both
f1g and g|p should be a permutation of B. This completes the proof of (2).

Now we prove (1). By condition (3) of Proposition 2.35, we obtain that ¢ : M —
{8518 : 8, € M, p € X*} with ¢(8,) = 8,|5,8, € M, p € X*, is a one-to-one mapping.
Thus it is enough to show 8,|p8,|p = 8p418, 8.8, € M, p,q € X*. But this condition
comes from 8,8, = 8,, and 8,(b), §,(b), 8,,(b) € B,b € B. i

Given a semigroup S, let A5 = (§*, S, 85) denote again the automaton with 85(s;, 52)
= 5187, 51 € §*, 5, € S. Moreover, for every automaton A = (A, X, &) and p € X*, let
8, : A — A be defined by é,(a) = d(a, p),a € A, as usual. Consider the automaton
A = (A, (8 : x € X}, 87) having §(a, §,) = 8(a, x),x € X.

Proposition 2.37. For every automaton A = (A, X, 8), A7 can be represented homo-
morphically by Asa.
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Proof. Define the automaton A' = (A, S(A), §") such that §(a,s) = s(a),a € A,
s € S(A). Let |A] = n and consider the nth diagonal power A" of A'. Give a fixed
arrangement ay, . . ., a, of the elements of the state set A and let B = {(as1), .., Gs(n)) :
s € S(A)}. Clearly, then B = (B, S(A), §") with 8"(b, s) = 8(b,s),b € B,s € S(A),
is a state subautomaton of .4’2". On the other hand, it is obvious that 7 : S — B with
(8) = (asqy, - - - » Gsmy)> § € S, is a state isomorphism of Ag(4) to B. It is also clear that
the mapping ' : B — A with T/ (@501 - - - » Gs(n)) = @51y, (@s1)s -+ -2 Gsn)) € Bisa
state homomorphism of B onto .A’. In addition, .A is an input subautomaton of .A’. Thus,
of course, .A" homomorphically represents .A. Therefore, using the transitive property of
homomorphic representation, we obtain that 454, homomorphically represents A, O

Given a semigroup S, let As = (§*, S, 85) be the automaton with 85(s1, s2) =
5152 (51 € §*, 55 € S), where 515, denotes the product of s; by 5, in S*. We call Ay the
semigroup automaton (corresponding to S). If S is a simple group, then we will use the
name simple group automaton too. Every finite transformation semigroup (A, §) can be
identified with an automaton (A, S, 8s), where d5(a,s) = s(@) = a-s (a € A,s € §).
Clearly, the characteristic semigroup of this automaton is S.

For an arbitrary automaton .4 = (A, X, §), the set {3, : x € X} is a generating system
of its characteristic semigroup S(A). Similarly, (A, {J, : x € X}) is a generating system
of the transformation semigroup T (A) = (A, S(A)), which is called transformation semi-
group of the automaton A. We have a - 5, = 8,(a) = 8(a, p) foralla € A, §, € S(A). We
can derive similarly the transformation monoid of T1(A) = (A, §1(A)) of A. Of course,
we can consider any automaton .4 as a generating system of the corresponding transfor-
mation semigroup (A, S(.A)) over the set A of its states (identifying x with y whenever
8y = 8, (x, y € X)). Finally, let us consider the semigroup automaton .4g corresponding
to a semigroup S. Then we can identify this automaton with the transformation semigroup
(S*, S), which we call the transformation semigroup of the semigroup S.

Our central notions are those of homomorphic and isomorphic simulations. An au-
tomaton A = (A, X, 8) homomorphically simulates the automaton A’ = (A’, X’, §') under
a surjective mapping z; of a subset B of A onto A’ and a mapping 7; of X’ into X* with
71(8(b, 72(x))) = 8 (11(b), x) (b € B, x € X'). (Itis understood that 6 (b, 12(x)) € B holds
forevery pair b € B, x € X'.) If 7 is bijective, then we speak about isomorphic simulation.

2 () b (b, 12(x)) A
A
T T1 (31

x > 1) W 8 (nd),x) | A

A HOMOMORPHICALLY SIMULATES .A’ UNDER (7, 73)

If U, ex 12(x") © X, then (73, 12) is called a homomorphic (isomorphic) simulation by
nonempty words. If we have a homomorphic simulation by nonempty words, then we also
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say that A’ divides A (or A can be divided by .A’) and we will use the notation A’ < A
to indicate this. In addition, if there is a positive integer »# such that |t;(x’)| = n for every
x’ € X', then we write A'||™ A, and, moreover, we say that A’ divides A into equal lengths,
denoting this by A'||A, if A’||™ A holds for some positive integer 7.

The above definition of division for automata (often encountered in the automata
theoretic literatures) appears to be quite different from the definition of division for trans-
formation semigroups of Section 1.2, which is most commonly encountered in the more
algebraic literature. The latter involves two maps going in the same direction, while the
former involves maps in opposite directions. This difference is superficial, as the follow-
ing lemma shows. It establishes that for transformation semigroups the automata-theoretic
notion of division is equivalent with the notion of division for transformation semigroups
introduced in Chapter 1.

Now we prove that the next statement is a consequence of Proposition 2.37.

Corollary 2.38. For every automaton A, we have A||Ag4).

Proof. Let A be an arbitrary automaton. Proposition 2.37 implies .A||.As4y. On the
other hand, A4}|.A is obvious. Hence, by the transitive property of division we obtain
.A| |As( A)- O

Lemma 2.39. Let (X, S) and (X', §') be transformation semigroups. Let X = (X, S, 8%)
and X' = (X', §', 8') be the corresponding automata. Then (X, S) divides (X', S') accord-
ing to the definition of division for transformation semigroups if and only if X divides X’
according to the definition of division for automata. That is, (X, S) < (X', §') if and only
ifxX < X'

Proof. If (X, S) divides (X', §"), by definition there is a subset ¥ C X', subsemigroup
Tof 8 withY -T C Y, an onto function ¥, : ¥ — X, and a surjective semigroup
homomorphism vy : T — S satisfying Y1 (y - t) = ¥ (y) - Yyn(®) forall y e Y, t € T.
To establish the division of automata, let 1) = Y, andlet 7, : § —> T C (§')* be given
by choosing 72(s) to be an arbitrary member of | 1(s). Now for all yeVY, s eSS,
@'y, ) = 2y - ) = ¥20) - Y1(n2(s) = Ya(y) - s = 8(r1(y), 5). Also,
8'(y, 12(s)) always liesin ¥ since Y - T C Y and 75(s) € T. Thus (zy, 72) as constructed
comprises a division of automata X < &”.

Conversely, suppose a division of these automata is given. By definition, this com-
prises a surjective mapping 7; of a subset Y of X’ onto X and a mapping 7, of S into nonempty
words (§) with t,(8'(y, 12(s))) = 8(11(¥), 8) (¥ € ¥, s € ). Moreover, §(y, 2(s)) € Y
holds for every pair y € ¥, s € S. We will use Proposition 1.10. We take the lifts ¥ of any
x in X to be the elements of the nonempty set 7, !(x). Distinct members of X never have a
common lift, since 7y is a function. Asaliftfors € S, we take § to be the element of S’ repre-
sented by the nonempty word t,(s) in §’. Suppose two elements of S have a lift in common:
if 75(s) and 12 (s;) represent the same element of S’ for some s, 5, € §, thenforall y € ¥,
() s =8B, 5) = @Y, n6)) = u@ Y, 1)) = 8(TQ), s1) = uy) - 5.
Since 7; maps Y onto X, this implies that x - s = x -5 forall x € X. Since (X, S) isa
transformation semigroup, it follows that s = s,. Therefore, distinct elements of S have no
lift in common. This establishes condition (1) of Proposition 1.10. For all lifts ¥ € 7, Tx)
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ofx € Xand§ofs € §,wehave 71(X-5) = 11 (§' (%, 1a(s))) = 8(71(X), §) = 8(x,s) = x-5,
i.e., X - § is a lift of x - s. This is condition (2) of Proposition 1.10; hence (X, S) divides
X', 8. o

The listed concepts of simulation and divisibility for automata are extended to transfor-
mation semigroups in such a way that we handle the transformation semigroups as automata
in the manner just discussed. It is an easy exercise to verify the following.

Proposition2.40. Ler A = (A, X, 8)and A’ = (A', X', §') be automata. Then the following
are equivalent:

1A <A

(2) (A, S(A) < A

(3) (4, $(A)) < (A, S(A),

4) A < (A, S(A)). o

In addition, we note that, in general, .A’||.4 does not imply (A’, S(A"))||A, but, of
course, A’||A implies A’||[(A, S(A)). Finally, (A’, S(A))||.A implies .A’[|.A by definition.

Proposition2.41. Let A = (A, X, 8) and A’ = (A', X', 8’) be automata. Thenthe following
hold:

(1) A" homomorphically simulates A if and only if (A', $1(A")) homomorphically
represents A.

(2) A’ homomorphically simulates A by nonempty words (i.e., A < A') if and only zf
(4, S(A")) homomorphically represents A.

Proposition 2.42. Every automaton A = (A, X, §) is homomorphically represented by the
direct product of a discrete automaton (A, {14}, 81) (with 81(a, 14) = aforalla € A)and
the characteristic semigroup automaton (S*(A), S(A), 8s4))-

Proof. Let y(a,s) =a-sforalla € A, s € S*(A), and ¥»(14,s) = s forall s € S(A).
These maps make up a homomorphic representation. a

Recall that if §' and S are semigroups, then &' < S (§’ divides S) means S is a
homomorphic image of a subsemigroup of S. It easy to check that this is equivalent to the
division of transformation semigroups (8™, 8") < (S, 8), recalling how division for trans-
formation semigroups was defined in Section 1.2. Moreover, using Lemma 2.39, a division
of the semigroup automata ($’ A S 8e) < (S, S, 8s) is equivalent to the corresponding
division of transformation semigroups.

Lemma 2.43. Let S and S’ be finite semigroups. Then the following are equivalent:

1) § <8,
@) (§7,8) < (5%, 9),
(3) (8™, 8, 85) < (S*, S, 85).



56 Chapter 2. Directed Graphs, Automata, and Automata Networks

Proof. (2) = (1) is trivial. Indeed, having (2), S has a subsemigroup which can be mapped
homomorphically onto ', i.e., §' < S.
(1) = (2). Suppose &' < S. Then S has a subsemigroup ¥ which can be mapped ho-
momorphically onto S’. Obviously, then Y* is a submonoid of S*. Let ¢ : ¥ — §’
denote an appropriate homomorphism and consider the mapping ¥, : Y* — §* with
Ya(A) = A and Ya(y) = ¥(¥),y € Y. Moreover, let Yy = ¥. Then Y* .Y C Y and
Y2(y - 1) = ¥2(3) - ¥1(r), y € Y*, 1 € Y. Thus we get (2).

It remains to prove that (2) and (3) are equivalent. (2) means that there are a subset
Y of S*, a subsemigroup T of S with Y - T C Y, a surjective mapping v, : ¥ — S,
and a surjective semigroup homomorphism v, : T — § satisfying ¥ (yf) = ¥2()¥1(?)
forall y € Y,t € T. (1) means that there exists a nonempty set Y C S*, functions
h:Y = X, ¢:85 — §suchthat h is surjective, y - ¢(s) € Y, and h(y - 9(s)) = h(y) - s
for all y € Y and s € S. But by Proposition 1.9, these properties are equivalent and thus,
indeed, (2) and (3) are equivalent. The proof is complete. |

Proposition 2.44. Let (X, S) be any transformation semigroup. Then

1) (8%, ) < [Lex(X. S) and
Q) (X, 8) < (X, {1x}) x (8%, 8).

Proof. (1) Lift each s € S* to the X-tuple whose x-component is x - s. Lift each s € S to
the X-tuple (s, ..., s). Distinct states and inputs have distinct lifts. Using Proposition 1.10
we have a division. (2) follows from the previous proposition. O

We say the semigroup S divides an automaton A (S < A)if S divides the characteristic
semigroup S(A) of A. We say S||™ A if S LT < S(A) for T a subsemigroup of S(.4)
such that for each s € S, there exists ¢ € S(.A) induced by an input word in X* of length n
(where X is the alphabet of .4) with ¢(¢) = s. We then say S divides A in equal lengths n,
and we write S||.A if this holds for some positive n. (We may also define S||™ S(4*) with
n = 0 such that §’ is trivial and so is S.) In particular, if ¢ is a one-to-one mapping, then
we also say that S embeds in S(A) in equal lengths with respect to B, or, more precisely, §
embeds in S(A) in equal lengths n with respect to B. Notice that for every monoid M and
automaton .A, we have M||A if and only if M||S(A").

The following statement is obvious.

Proposition 2.45 (transitive property of simulation). Let A, B, C be arbitrary automata.
If A homomorphically (isomorphically) simulates B and B homomorphically (isomorphi-
cally) simulates C, then A homomorphically (isomorphically) simulates C. o

(Of course, division and division in equal lengths also have the above transitive prop-
erty.) Let A = (A, X, 8) and A" = (A, X’, §’) be automata such that .4 homomorphically
represents the automaton .4’ under an appropriate pair ¥ = (Y1, ¥2), Y1 : B - A, ¥, :
Y - X', B C A,Y C X. Clearly, then v, has a bijective restriction ¢ such that A homo-
morphically simulates A’ under (;, ¢ 1). Thus we have the following fact showing that
homomorphic (or isomorphic) representation is more strict in a certain sense than homo-
morphic (or isomorphic) simulation. Similarly, the homomorphic representation is more
strict in that sense than divisibility.
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Proposition 2.46. If the automaton A homomorphically (isomorphically) represents the
automaton A, then A homomorphically (isomorphically) simulates A’ (in equal lengths),
and, simultaneously, then A’ divides the automaton A (in equal lengths). O

Proposition 2.47. Given a semigroup S and an automaton A with n states, let S < A. Then
As < A", where A" denotes the nth direct power of A. Moreover, S||A implies As||A".
In more detail, As divides the nth diagonal power A" of A (and, respectively, As||A%"
provided S||.A) under appropriate mappings v, : B — S* (B € A"),and 1, : § — Xt
(having a positive integer m with |13(s)| = m (s € S) provided S||A).

Proof. Since § divides A = (A, X, 8), there is a surjective homomorphism ¢ : §* — S,
where §’ is a subsemigroup of S(A). In particular, if S||.4, then ¥ has the property for an
appropriate positive integer m that we can correspond an m-length word p; toevery s € §
satisfying ¥ (8,,) = 5, such that §,, € §'.

Consider an arrangement 4y, ..., d,, of the elements of A and identify every trans-
formationz : {ay,...,a,} — {a1,...,a,} (including the identity transformation, too) with
the state (¢(ay), ..., t(a,)) of the direct power A*. By transitivity of division, it suffices to

show As < A", (Or in the case of S||.4, by transitivity of division in equal lengths, it
suffices to show that Ag|[.A%".)

It is clear that, by this correspondence, A*" has a subautomaton isomorphic to the
automaton M = (S;(A), X, &), where §'(§;, x) = 8,x (J; € S1(A), x € X). Let us define
forevery 8, € B = §' U {8,} C $1(A),

y(&) ifs el

ul) =1, e85 ifs, =4,

Moreover, forevery s € S, let 72(s) = p, (€ X*) suchthat 1/1(8;,) = s, and, simultaneously,
|p| = m provided S||.A. By an elementary computation we obtain that A" homomorphi-
cally simulates the semigroup automaton .Ag under (73, 72); therefore, by the fact that t;
maps into X+, As < .A2". Furthermore, we have Ag||.A%" provided S||.A. The proof is
complete. a

We now prove the following.

Proposition 2.48. Consider a pair A, B of automata and let n denote the set of states of B.
Assume that S(A) < B (S(A)||B). If B is nontrivial (i.e., n > 1), then A divides (divides
in equal length) the nth diagonal power of B.

Proof. Let S(A) < B (S(A)||B). By Proposition 2.47, this assumption implies Ag4) <
(B)2" (AsI(B)A™), where (B)A" denotes the nth diagonal power of B. On the other
hand, by Corollary 2.38, A||.As(4). Thus, by the transitive property of division, 4 < (B)"
(AllB)A) . D

Now we are ready to prove the following statement.
Proposition 2.49. Given an automaton A and a semigroup S, let S < A. Suppose that S

is either a noncyclic simple group or a subsemigroup of the monoid ¥ with two right-zero
elements. Then S||A.
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Proof. By definition of division, since § < A = (4, X, §), we have a subsemigroup §’ of
the characteristic semigroup S(.4) and a surjective homomorphism ¥ : §" — S.

First we suppose that S = {g;, ..., g,} is a noncyclic simple group. Letry,...,r, €
X* with ¥(8,) = gi, i € {1,...,n}. Then, using Theorem 1.2, there exists a positive

integer m such that for every s € § there are permutations Py ;,..., P, over {1,...,n},
Withs = gp, 1)~ 8P, \(n) "+ * P, (1) * * * 8P, n(m)- But then, of course, L CIROTEY S
8,,,”"(1) . ‘Srps,,,.m) = 1//(8,,,s‘lm...,,,”m...,,,S‘mm...,,,svm(n)) = 5. Consequently, there exists a posi-

tive integer ¢ (= m(|ry| + - - - + |r,,|)) such that for every s € S, there is a z-length word p
with ¥ (8,) = s. Thus we have §||A for the simple group S whenever § < A.

Now we will study the case when S is a subsemigroup of the monoid having two right
zero elements (for S = F = {e, z1, 22} with identity e and distinct right zeros z;, z2). Then
we have input words, po, p1, p2 € X with ¥ (8,,) = e, ¥(8,,) = 21, ¥(8p,) = z2. Take
words gg, 1, 2 € X+ having go = (po)lpnllpzl, Q= (pl)lpollpzl, ¢ = (m)ipollpnl_ It is clear
that |go| = |g1| = |42, and, simultaneously, ¥(5,,) = e, ¥(8,) = z1, ¥(8,,) = z2. We
omit the easy proof for the subsemigroups of this monoid. The proof is complete. o

2.4 Automata Networks and Products of Automata

In what follows we also use the concept of compatibility in the following sense. This a
broader concept than we encountered in Section 2.1, as it allows the new content of a node
to be influence directly by several incoming messages.

A transformation F : X" — X" is said to be compatible with a digraph D =
(V, E) (of order n) if F has the form F(xy,...,x,) = (fi(X1, - > Xn)s oo oy u(X1s o0y X0))
((x1,.-.,xp) € X"),and f; : X* — X,i = 1,...,n may depend only on x; and those
x; for which (v;, v;) € E (including the case v; = v;). If F is compatible with D, then
sometimes we also say that F is D-compatible.

Given an automaton 4 = (A, X, ), let A = A; x .-+ x A, for some |A;| > 1 and
n > 1 (where |A;| denotes the cardinality, i.e., the number of elements in A;). Then we say
that A is a finite automata network of size n. Then the underlying graph D = (Va, E4)
of Ais defined by V4 = {1,...,n}, E4 = {(i, j) | thereexistsx € X : cp;(8;) really
depends on its ith variable}. A is a D-network if D = (V, E) is a digraph with V = V4
and E D E 4. In other words, A is a D-network if every mapping 8, : A - A (x € X) is
compatible with D. Note that a size n automata network may be regarded as comprising n
component automata A4; = (A;, A; X --- X 4, x X, §;),i € {1,...,n}, where the §; are
defined by

8(a, x) = (81(a1, (@, x)), ..., 8n(an, (a, x)))

fora =(ay,...,a,) € A, g; € A;, x € X. One may of course suppress the components of
A=Ay x ... x A, in the inputs to .4; on which §; does not really depend.

Let A; = (4;, X;, §;) be automata wherei € {1, ..., r}, n > 1. Take a finite nonvoid
set X and a feedback function ¢; : A} X «++ X A, x X — X, foreveryi € {1,...,n}.
The general product'® (or Gluskov-type product) of the automata .4; with respect to the
feedback functions ¢; (i € {l,..., n}) is defined to be the automaton A = A; x -+ X

13 A natural extension of this concept is the so-called generalized product introduced by F. Gécseg (see also later in
this monograph), when the feedback components map into the input monoids of the component automata. Several
generalized product families, derived from the Gécseg-type generalization, have also been defined.
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A (X, (@1, ..., ¢n)) with state set A = A} X --- X A, input set X, transition function
8 given by 8((a11 sy an), x) = (5]((11, ‘Pl(al, L ,am x))’ ML ] 8n(an’ (on(al, L 1an’ x)))
for all (a;,...,a,) € A, and x € X. In particular, if A; = - .- = A, then we say that A

is a (general) power. In the special case n = 1, then A = A,(X, ¢), and we speak of a
single-factor product.*

a4 l
G Aly ooy yy X a;
a > @1 1@ s %) a = 81 (ar, ¢1(ay, ..., 00, %))
o, ( )
(1 > iy ov ey Ay, X a,
x |90 > ¢ L2 L ac — &(a;, (a1, ..., 45, X)) :
a
> Aly ooy Ay X
g, g, | £l X) R i
GENERAL PRODUCT
‘We shall use the feedback functions ¢;, i = 1, ..., n, in an extended sense as mappings

of + A x - x A, x X*, where ¢(ay,...,ax,A) = A and ¢f(ay,...,an, px) =
gi(a, ..., an, p)oi(di1(a1, 9y(ay, ..., an, P))s ..., 8n(an, 9;(a, - .., an, P)), X), @i € A;,
i=1,...,np € X* x € X. In what follows, ¢},i € {1,...,n}, will also be denoted
by ¢;.

We can imagine this structure as a working model in the following way. The prod-
uct is a collection of automata such that every member of this collection is supplied with
a transformer which is a special type of an automaton. The transformers, realizing the
feedback functions mentioned above, are able to get an input vector containing a common
external input sign and the state of all component automata. They can each transform
this input vector into an appropriate input sign for their component automaton. The prod-
uct is at work along a discrete time scale in the following way: all transformers of the
product get a common external input sign x, and, simultaneously, all transformers get the

value of the instantaneous states a, . . ., a, of all component-automata as input information.
By the effect of this input vector (a, ..., a,, x), the transformers produce an input sign
x =@lay, ..., a, x),t =1,...,n,for their component-automata. Then, by the effect of

these (transformed) input signs, every component-automaton goes into a new (not neces-
sarily different) é; (a;, x;) = é;(a;, ¢;(a, . . ., an, X)) state, and then, in the next period, this
process happens again. We will use several generalizations and several restrictions of this
concept. If the transformers, working as microprocessors for their component automata,
can produce not only single input signs but entire input words (strings of input signs), so that
by the effect of the inner input sign x and the value of the instantaneous states ay, ..., a,
they produce a (possibly empty) input word ¢,(ai, .. ., a,, x)), then we get the model of
the generalized product, which will be intensively studied in another volume. If we assume
that transformers do not necessarily have access to all the instantaneous states of component
automata, but only some restricted subset, then we will get the models of several special
types of the products discussed in this volume.

14Note that a single-factor product is different from its factor in general.



60 Chapter 2. Directed Graphs, Automata, and Automata Networks

We shall use the following statement.

Proposition 2.50. Letr A = A; x --- x A, (X, ¢1, ..., @,) be a product of automata A, =

(A, X:,8,),t =1, ..., n, and consider apermutation P over {1, . .., n}. Define the product
A=A x - xAX,¢',....¢,) suchthat A’ = Ap,, and, moreover, for any state
(ap(l), ces ,ap(,,)) € Ap(]) X oo X Ap(n) and input letter x € X, ¢I,(ap(1), -+, apm), x) =
epp(ai, ..., an,%), t =1,...,n. Then Ais isomorphic to A'. O

It is obvious that .4 is a finite automata network if X; = A; x - -+ x A, x X and ¢; is
identity for all i € {1,..., n}. Therefore, we can consider automata networks as a special
type of products of automata. Conversely, we may assume that every feedback function is
realized by special reset automata R; = (X;, A; x---x A, x X, §,,), called the ith feedback
automaton, such that 5, (x;, (@1, ...,8a, X)) = @i(a1, ..., 0, x) (@1,...,a,) € A, x € X)
foreveryi € {1, ..., n}. Therefore, we can also consider the product of automata as a special
type of automata network. (In this model, of course, every component automaton is directly
connected to its feedback automaton and feedback automata can get all state components and
the joint input letter in every (discrete) time point. Moreover, the component automata of
the product do not have the same set of states in general.) Several families of products can be
derived from the general product by defining restrictions on the feedback dependency. Thus,
for example, A is called a cascade product or ag-product if for every i € {1,...,n}, ¢;
really may not depend on its jth state variable if j > i. In general, A is an a;-product
i=0,1,..)ifeach ¢ (t = 1,...,n) is really independent of its jth state component
(j =1,...,n)whenever j > ¢+i.In particular, if Ais an ag-product, then we often give the
system of feedback functionsinthe form¢; : X — X, 1 A; x X — Xo, ..., ¢, : A1X

+ X Ap_y X X — X,.1° If i is a positive integer for which every ¢, (t = 1,...,n)
really depends on not more than i state variables, then A is a v;-product. In addition, an
a; — vj-product (i =0,1,...,j=1,2,...)is an a;-product that is also a v;-product.

Ay A As Ay

= [ [ ]

oo-PRODUCT

15Feedback from a factor to itself is considered to be of length 1. Thus, in a sequence of automata, feedback of
length 2 is understood to be to the preceding factor.
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= A Ay As Ay
V3-PRODUCT

There is a close relationship between the ap-product of automata and the wreath
product of transformation semigroups. If we have an ap-product as above, then con-
sider the wreath product of the transformation semigroups of the A;, (4,, S(Ax)) t---1
(A1, S(Ay)); viewing this as an automaton, we see that the ag-product embeds into it
under (ay, ..., a,) ~ (an,...,a1) andx — (f,, ..., f1), where f; € S(A)) is defined by
fi = (1), using x; = ¢1(x), and, similarly fori > 1, f; : A1 X --- X A1 = S(A) is
defined by fi(ai—1,...,a1) = (6;)x, vsing x; = @;(ay, ..., a;_1, x). Conversely, consider
the wreath product (4, x --- x Ay, W) of transformation semigroups A; = (4;, ;) as an
automaton with input transformations (f,, ..., f1) € W; then the ap-product of the .A; con-
sidered as automata with feedback functions ¢;(ay, ..., ai—1, (fn, ..., /1)) = filai-1, ...,
ap) is isomorphic to the wreath product.

Proposition 2.51. Given anonnegative integeri, let M = M1 X o XM (X, ¥y, ..y Yn),
n > 1, be an ay-product of a;-products Mj = M x -+ x M (X;, 'l/fj Lo Yik)s
J = 1,...,n. Then M is isomorphic to an a,-product of Mje,j = 1,...,n
£=1,.. .,kj. O

Let D = (V, E) be adigraph with V = {1, ..., n} and, forevery v € V, let A4, =
(A,, Xy, 8,) be an automaton. A general product A = A4; X - -+ X A, (X, (@1, ..., 9s)) is
a D-product if each feedback function ¢, (v € V) is really independent of its uth (4 € V)
state variable whenever (u, v) ¢ E. If A is a nonempty class of digraphs and D € A, then
it is also said that A is a A-product. (In what follows, by a class A of digraphs we always
mean that A is a nonempty class.) Thus, if A is the class of all digraphs having neither
cycles nor loop edges, then the A-product is just the loop-free product, which is further
equivalent to the cascade product or, by another name, the ay-product. If A consists of the
cycles, then we obtain the concept of loop product. (Of course, if all factors are the same,
then we speak about appropriate types of powers.) If A is the class of all digraphs having
no edges, then the A-product is called a parallel product or a quasi-direct product, or, in
short, a g-product.

In other words, we define the underlying graph D = (V,E) (V= {l,...,n}, E €
V x V) of Asuch that (i, j) € E if and only if the feedback function ¢; really depends on
its ith-state variable. Thus, an underlying graph is a digraph which may contain loop edges.

We will use the following two facts throughout this monograph.
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Proposition 2.52. Given a digraph D, suppose that an automaton A can be represented
homomorphically (isomorphically) by a D-product of automata A,,t = 1,...,n. Then
there exists a D-product of automata A;,t = 1, ..., n, having a state-subautomaton which
can be mapped state-homomorphically (state-isomorphically) onto A.

Proof. Let v = (Y, ¥2),¥1 : B — A,y : Xg — X be a homomorphism (an
isomorphism) of a subautomaton B = (B, Xg, 85) of the D-product M’ = A; x .-+ x
AX' 9y, ...,¢,)onto A = (A, X, 8). Forevery x € X, let u, be an arbitrary fixed letter
in Xp with ¥,(u,) = x. Define the D-product M = A; x --- X A, (X, ¢1, ..., ¢y) such
thatforeveryt € {1,...,n}, (@1,...,8,) € A; X+ - x Ayandx € X, ¢(a1,...,0n, X) =
@' (a1, ..., an, uy). It is clear that M is also a D-product. It is also obvious that ¥ is a
state-homomorphism (a state isomorphism) of the state-subautomaton of M with the state
set B onto A. The proof is complete. a

Proposition 2.53. Given a digraph D, suppose that an automaton A can be represented
homomorphically (isomorphically) by a D-product of automata A, t = 1, ..., n. Consider
automata B,,t = 1, ..., n, such that foreveryt = 1, ..., n, B, homomorphically (isomor-
phically) represents A;. Then A can also be represented homomorphically (isomorphically)
by a D-product of B, t =1, ...,n.

Proof. Foreveryt = 1, ..., n, consider a homomorphism (isomorphism) ¥, = (1, ¥r.2),
¥i1 2 Bl > A, 2 1 Y] —> X, of a subautomaton of B, = (B, X}, §}) onto A, =
(A;, X;, 8;). Moreover, let 4; x --- X Ap(¢1, ..., ¢s, X) be a D-product of automata
Aj, ..., A, which homomorphically (isomorphically) represents A = (A, X, §). Then,
by Proposition 2.52, we can also assume that it has a state-subautomaton A which can
be mapped homomorphically (isomorphically) onto .A by a state-homomorphism (state-
isomorphism) ¥ : M — A. Define the D-product By x --- x Bu(¢}, ..., ¢,, X) in the
following manner.

For every t = 1,...,n, consider a fixed element d; of B, and define the mapping
T, - B, - A, such that

¥:1(b) ifbe B,

u(b) = { Vii(dy) otherwise.

Moreover, let p, denote an ordering on X;. In addition, define ¢, (b, ..., b,, x) = x’ such
that x’ € X is the minimal input sign (with respect to ;) having ¥, »(x") = x” with
@i (T1(b1), . .., ta(bn), x) = x".

First we prove that By x --- x B,(¢], ..., ¢,, X) is a D-product. Consider ¢ €
{1,...,n}and let {(¢,0), ..., tm. D} = ENA{]L,...,n} x {t}, where E denotes the set
of edges of D. Then for every ¢t € {1,...,n},(b1,...,b,) € By x --- X B,,x € X,
@ (t1(by1), ..., Ty (by), x) = x” is unambiguously determined by the components b, , . . .,
b,,, x. Therefore, these components unambiguously determine the set {z € X; | ¥, 2(2) =
x"). Then @;(by, ..., by, x) = x’ is also unambiguously determined (by the components
b, ..., b, x)because it is the minimal element of {z € X, | ¥, 2(z) = x'} (with respect
to p;). Therefore, indeed, By x - -- x B,(¢1, ..., ¢, X) is a D-product.

Now we prove that this D-product homomorphically (isomorphically) represents A.
Let M = {(b1,....b,) € B] x ... x B, | (y1,1(b1), ... ¥n,1(bs)) € M}; moreover,
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let ' : M’ — A defined by ¥/'((b1,...,5,)) = ¥ ((¥11(b1)s ..., ¥n1(bs))). For every
(b1,...,by)y e M and t € {1,...,n)}, we have ¢,(b1, ..., by, x) = x’ such that x’ € X]
is the minimal input sign (with respect to p;) having ¥ 2(x") = x” with ¢, (¥1.1(b1), - ..,
Yn,2(by), x) = x”. This means that ¥'((61(b1, 91 (b1, ..., bn, X)), ..., 8, (by, @, (by, ...,
bn, x)))) = v((W1,106,(br, ¥1(b1, ..., bn, X)), .., Yn,1(8, (b, @, (b1, ..., by, X))))) =
Y (G110, 12001 (b1, oo, bry X)), o, 8u (W, 1(Br), Yn 2(9 (b1, . .., By X)) =
V(1 (¥11(BD), e1(¥1.1b1)s -y Y 1(Bn), X))y <oy 8a(Wn,1(Ba), @ (Y11(b1), ...,
Yn1(Bn), X)) = (Y ((Y1.1(B1), - .., 80,1(Bn))), x) = 8(¥'((D1, - .., bn)), x). Therefore,
¥’ is a state-homomorphism (state-isomorphism) of a state-subautomaton of the D-product
By x -+ x By}, ..., ¢, X) onto .A. The proof is complete. |

We have the following direct consequence of the above statement.

Proposition 2.54. Consider a class K of automata and two classes A, A of digraphs
having the property that every A-product of A-products of automata from K is also a
A-product of automata from K. Suppose that an automaton A can be represented homo-
morphically (isomorphically) by a A-product of automata A, ..., A,, and assume that
foreveryt =1,...,n, A, can be represented homomorphically (isomorphically) by a A-
product of automata from K. Then A can be represented homomorphically (isomorphically)
by a A-product of automata from K. 0O

Here and throughout this monograph, if we are dealing with a class K of automata,
we always assume that K is nonvoid. A class K of automata is called complete with respect
to homomorphic (isomorphic) simulations under the given type © of products if every
automaton can be simulated homomorphically (isomorphically) by a ®-product of automata
in KC.

K is called finite if it has a finite number of elements. Furthermore, it is said that X
is minimal if for every A € K, K \ A is not a complete class of automata with respect to
homomorphic (isomorphic) simulations under the @-product.

The complete (finite complete, minimal complete) classes of automata with respect
to homomorphic (isomorphic) simulations by nonempty words are analogously defined.

The next statement is clear.

Proposition 2.55. Given a digraph D, let M = Ay x -+ x A, (X, 91, ..., ¢n) be a D-
product of automata A,, . .., A, such that M homomorphically (isomorphically) simulates
an automaton A by some mappings 1) : B — A, ©» : Y — X*. Then there exists a
D-product M' = Ay x -+ x A,(X', 91, ..., ¢}) with the same factors such that M’
homomorphically (isomorphically) simulates Aby T, : B - A, 1, : Y — X" having the

following properties: |t2(y)| = |t3(y)|, y € Y; moreover, for every positive integer k, £
and yi, y» € Y, the kth letter of t;(y1) and the {th letter of t;(y2) coincide only ifk = £
and y1 = y». O

GivenadigraphD = (V, E), let D¢ = (V, E') be adigraph with E’' = EU{(i,i) | i €
V}. Similarly, if A is a (nonempty) class of digraphs, then we put A* = (D¢ | D € A}. Thus,
for every digraph D, a D¢-product of automata is a general product having an underlying
graph D¢, Similarly, if M is a D’-product of automata and D € A holds for a class of
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digraphs, then M is also said to be Af-product. In this sense we will speak about af-
product, vf-product, g*-product, etc.
The following statement is obvious.

Proposition 2.56. Given a digraph D, an automaton is a D*-product of automata A,, t
= 1,...,n, if and only if it is a D-product of products A(X,, ¢:) of automata A;,t
=1,...,m, each having a single factor. a

Direct consequences of Proposition 2.56 include the following three statements.

Proposition 2.57. Every q°-product of automata A, . .., A, coincides with a diagonal

product of automata By, ..., B,, where B; is a single-factor product of A; for every i =
1,..., n. Moreover, every q*-product of automata A;, i = 1, ..., n, coincides with a quasi-
direct product of automata B; which are each single-factor products of A;. O
Proposition 2.58. Every quasi-direct product of automata Ay, ..., A, coincides with a
diagonal product of automata By, . . ., B,, where B; is a loop-free product of a single factor
A; foreveryi =1,...,n. a
Proposition 2.59. Every «i-product of automata A, ..., An coincides with an ap-
product of automata By, ..., B,, where B; is a product of a single factor A; for every
i=1,...,n. a

The next six statements are also obvious.

Proposition 2.60. The ag-product coincides with the ay-product. In addition, ifi > 0, then
the o} -product coincides with the o;-product. m]

Proposition 2.61. Every q°-product is a vi-product. Furthermore, every v'-product is a
Vi+1-product. O

Proposition 2.62. Given a cycle digraph D with D = ({1,...,m}, {(1,m), (2, 1), (3, 2),
eer, (mym = 1)), let M be a Dt-product of automata. Then M also is an ay-product of

its factors. O

Proposition 2.63. Suppose that the automaton M is an ay-product of factors M, and M3,

where M, is an a;-product of Ay, ..., A, (having m factors for a given positive integer
m); moreover, M, is an a j-vy-product (aj-vf-product) of Ami1, - .., An. Then M is an
Umax(i, j)-Ym-+k-Product (Cimax, ,-)-vfn wProduct) of Ay, ..., Ay. a

Proposition 2.64. Suppose that an automaton A can be represented homomorphically by
a general product of nilpotent automata. Then A is a nilpotent automaton. o

Proposition 2.65. Given a monotone automaton A, suppose that B is a single factor general
product of A. Then B is a monotone automaton. a
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Next we prove the following.

Proposition 2.66. Let A = (A; X -+ X Ap, X,84) = A1 x -+ x A, (X, ¢1,...,00)
be a product of automata having an underlying graph D = ({1,...,n}, E), vertices
i,j,kwithi < j, k such that (i, j), (i,k) € E. Suppose that for any pair £,m, £ <
i < m implies (im,£) ¢ E. Then there exists a product A’ = (A} x -+ X A; X A; X

X Ap, X, 84) = Ay x oo x A X Ay X - X Ag(X, 9, ..., 9]L,) having the un-
derlying graph with nodes {1,...,i + n} and edges ({(i + u,i + v) | (u,v) € E} \
{Qi,i + jYh U{G, i+ DYU{(u,v) | (u,v) € E,u,v < i}) such that for any a, €
A, ...,a, € A, xe X,

(S_A'((al,-..,ai,al,.-.,an),x) = (a;’~'-ya,{,a;1""a;)
whenever

sal(ar,...,a,),x) =(ay, ..., a,).

Proof. By the condition on edges, ¢, . . . , ¢; do not depend on their (i 4 1)th, ..., nth-state
components.

Fix any arbitrary a;,, € Aiyy,...,a, € A,. We construct the following feedback
functions:
eay, ..., a4, ...a,,x) ift <i,
—i@ix1, ..., Qizn, X ift >iandt #1i 4+ j,
(p;,(alw--aai-}—mx) = @r l( i+1 i+n ) # J
(pj(ai+17 e, Wi, 44,
a2i+1a-"7ai+n,x) ift=l+]
(wherez =1,...,i+n,(ay,...,a44) EA; X -+ X A; X A X -+ X Ay, x € X).
It is easy to check that the product .A” having the above feedback function components
satisfies the required conditions. m]

Corollary 2.67. Every cascade of automata can be isomorphically represented by a
cascade of (copies of the same) automata such that for each i, at most one feedback
function ¢ really depends on the state of A;. Also, the analogous statement holds for the
«y-product. |

Completeness problems are investigated intensively for several families of products
of automata.

A class K of automata is called complete with respect to homomorphic (isomorphic)
representations/simulations under the given type ® of products if every automaton can be
represented/simulated homomorphically (isomorphically) by a ®-product of automata in X.
We also say K is homomorphically (isomorphically) complete under the ®-product if every
finite automaton can be homomorphically (isomorphically) represented by a &-product of
automata from K. Homomorphic (isomorphic) completeness under any of various other
products is defined analogously.

K is called finite if it has a finite number of elements. Furthermore, it is said that /C
is minimal if for every A € K, K \ A is not a complete class of automata with respect to
homomorphic (isomorphic) representations under the ®@-product.
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Theorem 2.68 (GluSkov decomposition theorem). A class K of automata is complete
with respect to isomorphic representations under the general product if and only if there
exists an automaton A = (A, X, 8) in K which has input letters x|, x3,x3,x4 € X and
distinct states ag,a € A such that 8(ag, x1) = ag, 8(ag, x2) = a,8(a,x3) = a, and
8(a, x4) = ag hold.

Xy X3
X2
aQ a
X4
GLUSKOV CRITERION

Proof. For the proof of necessity, let B = By x -+« x B,(X, ¢1, ..., p,) be a product

of automata B, = (B, x;,8,),t = 1,...,n, such that a subautomaton of B has an iso-
morphism t = (7, 72) onto A. For appropriate states (by, ..., by), (b}, ..., b)) and in-
put letters y;,i = 1,2,3,4, let 1((b1, ..., bn)) = ag, u((d}, ..., b)) = a,na(y) =

xi,i = 1,2,3,4. Because of a # ay, there exists a ¢t € {1,...,n} with b, # b]. Let
2y =@:b1, ... by yu),u=1,2,and z, = @ (B}, .... b}, ), v =3, 4.

Then 8, (b;, z1) = by, 8, (b, z2) = b), 8,(b}, z3) = b}, 8;(V, 24) = b,. Thus B, has the
conditions of necessity.

Conversely, prove that an arbitrary automaton M = (M, X, d,¢) can be represented
isomorphically by a power of A.

Using the transitive property of isomorphic representation, without loss of generality
we may assume that M = {aay" !, apaao" 2, ..., a" 'a},n > 1. Define the functions
¢ {ag,a)* x X — {x1,x2,x3,%4},t =1,...,k, suchthat forevery by ... by, cy...c; €
M, xe X, 0pmbr... by, x) =c1...crimplies g, (by, ..., by, x) = x; whenever (b, x;) =
¢;. Clearly, then the power A"(X, @1, ..., @) isomorphically represents M, where the

appropriate isomorphism is v = (71, 1) having 7/(a, ap, ..., a0) = aay""!, t1(ao, a,
ag,...,ap) = agaao’“2, .onlaa,...,a) = aay" L and np(x) =x,x € X.
The proof is complete. m]

Note that in the proof of sufficiency of the above theorem, the automaton M can also
be represented by a power of .4 having k > log, n factors. (We leave to the reader the proof
of this statement.)

For homomorphic representations by automata networks, the minimal computational
elements required to achieve an arbitrary finite state computation are characterized in the
Letichevsky decomposition theorem by a simple criterion. Necessity of the criterion will
be shown in Proposition 2.71. Although giving a proof of sufficiency is not difficult, we
delay this until the end of Chapter 5. There two proofs of sufficiency are derived from much
stronger independently proved results (e.g., Theorem 5.26).

Theorem 2.69 (Letichevsky decomposition theorem). A class K of automata is complete
with respect to homomorphic representations under the general product if and only if there
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exists an automaton A = (A, X, 8) which has a state ay € A, two input letters x,y € X,
and two input words p, q € X*, under which

(%) 8(ao, x) # 8(aop, y) and &(ay, xp) = 8(ao, yq) = aq.

It is said that an automaton .4 satisfies Letichevsky’s criterion if it has the above
property (x). If A = (A, X, 8) does not satisfy Letichevsky’s criterion but we have

LETICHEVSKY CRITERION

&(ag, x) # 8(ap, y), and 8(ap, xp) = ap forsome ap € A, x,y € X, and p € X*, then
A satisfies the semi-Letichevsky criterion. Otherwise we say that A does not satisfy any
Letichevsky criteria or is without Letichevsky criteria.

Proposition 2.70. Let there be given an automaton A = (A, X, 8), astateay € A, fourinput
words u, v, p,q € X* with |p| = |q| under which 6(ay, u) # é(ag, v), and §(ap, up) =
d(ao, vq) = ag. Then A satisfies Letichevsky’s criterion.

Proof. We shall use the following simple fact. Assume that there are wy, wy, wj, wjy €
X*, x,y € X wixwy, wiyw; € {up, vg} such that §(a, w1) = 8(ap, w)), 8(ap, wix) #
8(ap, wyy). Then we obtain Letichevsky’s criterion by setting ag, u, v, p, ¢ to 8(ag, w1)(=
8(ag, wy)), x, y, wawq, wyw), respectively. Therefore, it remains to study the case when
for every wy, wy, wy, wh € X*, x, y € X with wyxw,, wiyw) € {up, vq) and §(ag, wy) =
8(ap, wy), it holds that &(ag, wix) = 8(ap, wiy). In this case, there are x;,...x, € X
havingu =Xx1---X, P =xl.+l...xn(xl...xn)s,v =X+ X}, 4 =xj+1...xn(x1...xn)’
for appropriate s,t > 0. But 8(ap, #) # 8(ao, v) implies i # j. Hence |p| # lql. a
contradiction. O

If a class K of automata contains an automaton satisfying Letichevsky’s criterion,
then we also say that K satisfies Letichevsky’s criterion. Otherwise, we say that X does
not satisfy it. If IC does not satisfy Letichevsky’s criterion but there exists A € K such
that A satisfies the semi-Letichevsky criterion, then it is also said that K satisfies the semi-
Letichevsky criterion. Otherwise, we also say that K does not satisfy Letichevsky criteria
or is without any Letichevsky criteria.

As already mentioned, necessity of the Letichevsky criterion in proving the Letichevsky
decomposition theorem follows by the next statement.

Proposition 2.71. Suppose that a product of automata satisfies Letichevsky’s criterion.
Then it has a factor with this property.
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SEMI-LETICHEVSKY CRITERION

OO

/o /
AR

N
o &

WITHOUT LETICHEVSKY CRITERIA

Proof. Let A= A x - x A, (X, ¢, ..., ¢,) be a product of automata A, = (A, X, §,),
t = 1,...,n. Suppose that A4 satisfies Letichevsky’s criterion. Then there are a state
(ai,...,a,) € Ay X --- X A, input letters x, y € X, input words p, g € X* such that
G1(ar, 91(a1,s ..., 8n, X)), ..., 8n(an, @n(ar, ..., Gn, %)) # G1(ar, @1(ay, ..., an, ¥)),
ceeyOulay, pnlar, ..., a,,y)), and, simultaneously, (8i(a;,¢1(ay,...,a,, xXp)),...,
Sn(ns @nlay, ..., a0, xp))) = (G1lan, ¢1(ar,....an,¥q)), ..., 8n(an, pu(a, ..., an,
yq))) = (ay,...,a,). But then there are t € {1,...,n},x, = ¢(ay,...,8,, %), Yy =
e@1,....8n, ), pr = @ay,....a,,p),q = @ay,...,a,,q) with (a,...,a;) =
G1@1, 91(@1, .., @n, X)), .. 52(Gn, @a @1, ..., an, 1)) and (@], ..., a0 = (rlar, @1
@1,..1a0,¥)),s ..., 80(an, @n(ay, ..., an, y))) such that &(as, x;) # &(ar, y:), and,
simultaneously, & (a;, x; p;) = 8;(a;, ¥,q;) = a,. But then A, has Letichevsky’s criterion.
O
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Proposition 2.72. Suppose that a product of automata satisfies the semi-Letichevsky cri-
terion. Then it has either a factor with Letichevsky's criterion or a factor with the semi-
Letichevsky criterion.

Proof. Let A = A; x---x A (X, ¢1, ..., ¢,) be aproduct of automata A, = (A,, X;, §,), ¢
=1,..., n. Suppose that A satisfies the semi-Letichevsky criterion. Then there are a state
(a1,...,a,) € Ay X -+ X A, input letters x, y € X, input words p, g € X* such that
(G1(ar, ¢1an, ..., @n, X)), ..., 8p(@n, @ulan, . .., an, X)) # (B1(ay, p1(an, ..., an, y)), - . -,
dp(a, ¢a(ay, ..., a,,y))), and, simultaneously, (81(a1, ¢1(ai, ..., an, xp)), ..., 6,(a,,
wnlay, ..., an, xp))) = (ay,...,a,). Butthen there are t € {1,...,n},x, = ¢/(ay,...,
an, x), ¥r = @i(@1,...,,5), P = @i(ay, ..., a,, p), with (aj,...,a;) = (41(a1, ¢1
@1y --es @n, X)), oo, Bnlan, u(@t, ..., a5, %)) and (af,...,a)) = (Gila, @ifas,...,
an, YY), ..., 8n(ay, alay, ..., a,, ¥))) such that §,(a;, x;) # &:(a;, y;), and, simultane-
ously, 8:(a;, x,p:) = a,. It does not matter whether there exists a ¢; = ¢ (af,...,
al, q) with 8,(a,, y.q;) = a, because then A, has either Letichevsky’s criterion or the
semi-Letichevsky criterion. (]

The next two observations show that a statement analogous to Proposition 2.71 does
not hold for the semi-Letichevsky criterion.

Proposition 2.73. There exists an automaton having Letichevsky criterion such that it has
a single-factor product satisfying the semi-Letichevsky criterion.

Proof. Let A = ({0, 1, 2}, {xg, x1, X2}, 8) be defined by §(0, x;) =i, 8(1, x;) = 0,802, x;)
=2,i =0,1,2. Let A({x, y}, ¢) be given with (i, x) = x|, ¢(i,y) = x2,i =0,1,2.
Then (0, 9(0,x)) = 0,8(0,9(0,y)) = 2, 8(2,9(2,x)) = 82, 9(2,y)) = 2, and
S(L (1, x)) = 8(1, (1, y)) = 0. It is easy to check that A satisfies Letichevsky’s cri-
terion, but the product A({x, y}, ¢) does not satisfy it. However, .A({x, ¥}, ¢) satisfies the
semi-Letichevsky criterion. O

Proposition 2.74. There exists an automaton having Letichevsky criterion such that it has
a single-factor product which is without any Letichevsky criteria.

Proof. Let us consider again the automaton A = ({0, 1, 2}, {xo, x1, x2}, §) with (0, x;) =
i,8(L,x;)) = 0,82, x;) = 2,i = 0,1,2. Define A({x, v}, ¢) with @@, x) =
@G, y) = x3,i = 0,1,2. Then forevery i € {0,1,2} and p € {x, y}* with |p| > 2,
we obtain §(i, ¢(i, p) = 2. Thus the product .A({x, y}, ¢) does not satisfy Letichevsky’s
criteria. O

Proposition 2.75. Given a product of automata, it is without Letichevsky criteria if all its
factors have this property.

Proof. Consider a product of automata such that all of its factors are without Letichevsky
criteria. If this product satisfies Letichevsky’s criterion, then, by Proposition 2.71, one of its
factors has this property, which is a contradiction. If this considered product has the semi-
Letichevsky criterion, then, by Proposition 2.72, one of its factors has either Letichevsky’s
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criterions or the semi-Letichevsky criterion, which is a contradiction. Therefore, the con-
sidered product is without Letichevsky criteria. 0

Proposition 2.76. Let A be an arbitrary noncommutative strongly connected automaton.
Suppose that an automaton B homomorphically simulates A. Then B satisfies Letichevsky’s
criterion.

Proof. Consider a noncommutative strongly connected automaton 4 = (A, X, 8). Suppose
that A can be simulated homomorphically by an automaton B = (B, X, ég) under 1; :
B - A, : X - Xpg*. Suppose that B’ is minimal such that it has no proper subset
B" for which B homomorphically simulates .4 under some 7; : B” — A, 7, : X — Xg".
Then, by the strong connectivity of A, for every b;, b, € B’ there exist xy, ..., xx € X with
dp(by, 12(x1) ... T2(x)) = b,. In addition, because of the noncommutativity of .4, there are
astate a € A and input words p, g € X* having 6(a, pq) # 8(a, gp). Consider the natural
extension 7; : X* — Xg* of 1p (with 12 (A) = A, 12(x; ... %) = T2(x1) ... T2(x,)). Then
for every b € 1,7la, 85(b, 12(P)12(q)) # 88(b, 12(q)72(p)). In addition, by the minima-
lity of B’, there exist words r, s € X* with 8g(b, 72(p)12 (@) T2(r)) = 85 (b, ©2(q)12(P)),
d5(b, 12(@)12(p)T2(s)) = b. On the other hand, (b, ©2(p)T2(q)) # d8(b, 12(¢)2(P))
implies that A ¢ {r2(p)712(q), T2(q)T2(p)}. (Indeed, A € {r2(p)72(q), T2(g)T2(P)} leads
to A = n(P)1a(g) = T2(q)na(p), resulting in 35, w(P)12(@) = (b, (@) T2(P))
(= b), a contradiction.) Therefore, there are u, v, v’ € Xg*, x,y € Xp such that uxv
= 1(p)T2(q)), uyv' = 12(q)72(p)), and, moreover, dp(b, ux) # dp(b,uy). Let b’ =
Sp(b,u), p' = voo(r)ra(s)u, ¢ = v'1a(s)u. Obviously, then Sg(b’, x) # Sg(¥’, y) and
b =38g(b, xp’) # 85t yq'). The proof is complete, a
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W. Pitts [1943], J. von Neumann [1966], E. F. Codd [1968], M. Minsky and S. Papert
[1969], A. W. Burks [1970], and C. Choffrut [1986]. An extensive algebraic treatment
of automata networks was given by M. Tchuente [1979,1982,1983,1985,1986] and by
F. Fogelman-Soulié, Y. Robert, and M. Tchuente [1987]. Structural and behavioral equiv-
alence relations in automata networks were studied by T. Saito and H. Nishio [1989]. A
verification tool for distributed systems using reduction of finite automata networks was
described by E. Madelaine and D. Vergamini [1989]. Finite (and infinite) automata systems
as parallel communicating finite (and infinite) automata networks were intensively investi-
gated by Z. Fiilop [1991], C. Martin-Vide and Gh. Piun [1999], C. Martin-Vide and V. Mi-
trana [2000, 2001], C. Martin-Vide, A. Mateescu, and V. Mitrana [2002], and I. Babcsanyi
and A. Nagy [2004]. Product and completeness of automata were intensively investigated
by F. Gécseg and 1. Pedk [1972], S. Eilenberg [1974, 1976], I. Dassow [1981], and F. Gécseg
[1986]. The concept of the Gluskov-type product is introduced by V. M. Gluskov [1961].
Several specialized types of the GluSkov-type product were defined. The concepts of D-
product and A-product were proposed by Z. Esik [1991b]. The quasi-direct product was
given by F. Gécseg and I. Pedk 